Chapter 7

Analytic Trigonometry

Section 7.1

1.

10.

11.
12.

13.

14.

Domain: {x|x is any real number} ;

Range: {y|—1£y£1}
{x|x=1} or {x|x<1}
[3, =)

True

I;

ot

False. The domain of y=sin"' xis —-1<x <1,

True
True
sin'0
. T T
We are finding the angle &, _E <@< E, whose
sine equals O.
sin@ =0, —ESHSE
2 2
=0
sin”'0=0

cos'1
We are finding the angle €, 0 <8 < rt, whose
cosine equals 1.

cosfd=1, 0<L6<m
=0
cos'1=0

15.

16.

17.

18.

sin”' (-1)

We are finding the angle &, —g <6< E,

\S]

whose sine equals —1.

sinf@ =-1, —ESHSE
2 2
-
2
sin"! (=) ==
(1)

cos™! (-1)
We are finding the angle €, 0 <8 < rt, whose

cosine equals —1.
cos@ =—1,

f=m

cos ' (-1)=m

0<f0<nm

tan™' 0

We are finding the angle &, —g <f< g , whose

tangent equals 0.

tan@ =0, —£<¢9<E
2 2
6=0
tan”' 0=0
tan”' (-1)

We are finding the angle 6, — g <@< g , whose

tangent equals —1.

tan@ =—1, —E<¢9<E
2 2
g
4
tan™ (—1)=—E
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Section 7.1: The Inverse Sine, Cosine, and Tangent Functions

19. sin™' N2 22. sin™ _ﬁ
2 2
We are finding the angle 6, —~ <@ <2 wh n_,_T
¢ are linding the angle &, T Ty whose We are finding the angle 6, - <6< > whose
. 1 2
sine equals == sine equals -
. NG T T
s1n6=7, —Egegz s1n6=—£, L P
2 2 2
T
0=— T
o=-=
4 3
sin’lﬂ:E sin™! _N3 __T
2 4 > 3
20. tan™' ﬁ NE)
3 23. cos'|——
We are finding the angle 6, —~ <6<~ , wh ’
¢ are finding the angle ¢, = 2 << 2’ whose We are finding the angle €, 0 <8 < rt, whose
3 . 3
tangent equals T cosine equals —7.
tanl9=£, _r ¢9<E Cosﬁ——ﬁ, 0<f<nm
3 2 2
6 6
tan”' ﬁ il cos™' ——3 = 5—n
3 6 2 6
21. tan'\f3
24. sin™ (—%]

We are finding the angle 6, — g <f< g , whose

tangent equals V3. We are finding the angle 4, —g <6< g , whose

tan€:\/§, —E<¢9<E
2 2 sine equals ——.
o== 2J_
3 sm49=—72, —gﬁﬁﬁg
tan"x/gzE L8
3 =-—=
4

629
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

sin™'0.1=0.10
EinT{E, 13
gglB81874212
cos™ 0.6 =0.93 IR T
tan-105h
1373406767
tan”' 5=1.37
tan™' 0.2 = 0.20
EarT(E, 23
. 1573955595
7 o cas 13
cos' = =0.51 = im-1c 1 -g5
L1253278312)
sin” —==0.13
tan™'(-=0.4) = —0.38
EarT -8, 43
t, ZheSme3TRL
=3 1.25 tanqgf3%4ea45??2
tan” (=3)=-1. s ip1e Bl 12
L. 1267500024
sin'(-0.12) = —0.12
cos™' (—0.44) = 2.03
o= T -E,. 4473
LBze3o5
A2 1 o
cos =~1.08 e i 1¢ FETSAED
3 LEBET31eE50
.3
sin”' — = 0.35
5

cos™ [cos%} follows the form of the equation

f! (f (x)) =cos! (cos(x)) =x. Since 4?” is
in the interval [0, 7[] , we can apply the equation

ar

directly and get cos™' (cos 4?”] = 5

sin”! {sin[—%)} follows the form of the

equation f~! (f (x)) =sin™! (sin (x)) =x. Since
_ is in the interval rr we can appl
10 22| PPy

the equation directly and get

1. T T
sin smm| —— =——.
[ [ 10)} 10

39.

40.

41.

tan™! {tan (—%)j follows the form of the
equation f! (f (x)) =tan™' (tan(x)) =x. Since

—3—” is in the interval rr we can appl
8 22| PPy

the equation directly and get
1 3 3
tan |tan| — | |=——.
8 8

sin”! (sin [—37”}] follows the form of the
equation ! (f (x)) =sin”! (sin (x)) =x. Since

—3—” is in the interval _rr we can appl
7 22| PPy

the equation directly and get

sin”’! (sin [%)j follows the form of the
equation ! (f (x)) =sin”! (sin (x)) = x, but we
. . or .
cannot use the formula directly since — 1is not
in the interval {—%,%} . We need to find an
angle @ in the interval {—%,%} for which
sing—ﬂ =sin@ . The angle o is in quadrant I1I

. . o .
so sine is negative. The reference angle of Y is

% and we want @ to be in quadrant IV so sine

will still be negative. Thus, we have

sing—ﬂ-:sin _z . Since _z is in the interval
8 8 8

{—%,%} , we can apply the equation above and

S o R I T T
get sin SIn— | =S1n simm| —— =——.
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42,

43.

Section 7.1: The Inverse Sine, Cosine, and Tangent Functions

cos™! {cos [—%B follows the form of the

equation f~! (f (x)) =cos ' (cos(x)) =x, but
we cannot use the formula directly since —5?” is

not in the interval [0,7[] . We need to find an

angle @ in the interval [0,7[] for which
cos(—s?”j =cos@. The angle —5?” isin

quadrant I so the reference angle of —5?” is z .

3

Thus, we have cos [—S?EJ = cos% . Since % is

in the interval [O, 7Z':| , we can apply the equation

above and get
-1 S -1 T\ &
cos” | cos| —— | |=cos™ | cos— |=—.
3 3 3

tan~! [tan [%D follows the form of the

equation £ (f (x)) =tan"! (tan (x)) =x, but

. . 4r .
we cannot use the formula directly since =5 is

not in the interval {—%,%} . We need to find an
angle @ in the interval {—%,%} for which

tan (4?”) =tan@ . The angle 4?” is in quadrant

II so tangent is negative. The reference angle of
4?” is % and we want @ to be in quadrant IV

so tangent will still be negative. Thus, we have

4z V.4 . T, .
tan| — |=tan| —— |. Since —— is in the
5 5 5

. T .
interval {—E,E} , we can apply the equation

above and get

t[t[“gnt[t(gﬁg

44.

45.

46.

- 2
tan™" {tan(—?ﬁ)j follows the form of the
equation f! (f (x)) =tan”! (tan(x)) =x. but we
. . 2z .
cannot use the formula directly since -y is not

in the interval {—%,%} . We need to find an angle
@ in the interval {—%,%} for which

2 2 . .
tan| —Z | = tan . The angle ~% isin

3 3
quadrant III so tangent is positive. The reference
angle of —27” is % and we want @ to be in
quadrant I so tangent will still be positive. Thus,

we have tan —2—” = tan z . Since z is in the
3 3 3

. T .
interval {—E,E} , we can apply the equation

above and get ¢gn™"! (tm{_zﬂn — tan”! (tan”] T,
3 3 3

sin [sin_1 %j follows the form of the equation

f(f1 (X)) = sin(sinfl (x)) = x. Since i isin
the interval [—1,1} , we can apply the equation

1 1
directly and get sin| sin™'— |=—.
yand get sin sin” |

cos {cos_1 (—%B follows the form of the

equation f (f_1 (x)) = cos(cos_l (x)) =x.
Since —% is in the interval [—1, 1] , We can
3

apply the equation directly and get
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47.

48.

49.

50.

51.

52,

53.

tan (tam_l 4) follows the form of the equation

f (f*l (x)) = tan(tanf1 (x)) =x. Since 4isa
real number, we can apply the equation directly

and get tan (tan_l 4) =4.

tan (tam_l (—2)) follows the form of the equation

f(f_l (x)) = tan(tan_l (X)) =x. Since -2 isa
real number, we can apply the equation directly

and get tan(tanfl (—2)) =-2.

Since there is no angle € such that cos@=1.2,

the quantity cos™'1.2 is not defined. Thus,

cos(cos_l 1.2) is not defined.

Since there is no angle € such that sinf =-2,

the quantity sin™' (—2) is not defined. Thus,

sin(sinfl (—2)) is not defined.

tan (tanfl 7[) follows the form of the equation

f(ff1 (x)) = tan(tanf1 (x)) =x. Since 7 isa
real number, we can apply the equation directly

and get tan(tan_1 ﬂ') =7.

Since there is no angle € such that sind=-1.5,
the quantity sin™' (—1.5) is not defined. Thus,

sin (sin_1 (—1.5)) is not defined.

f(x)=5sinx+2

y=5sinx+2
x=5siny+2
Ssiny=x-2
siny=x 55,
sin __x—2
s

y=sin ! 222 71 (x)
The domain of f (x) equals the range of
M andis —2<x<Z or |- 2% in
2 2 2 2

interval notation. To find the domain of f~' (x)

632

54.

we note that the argument of the inverse sine

x—=2 . ..
and that it must lie in the

function is

interval [—1,1} . That is,

<224
5<x-2<5
-3<x<7

The domain of f~' (x) is {x|-3<x<7},or
[—3,7} in interval notation. Recall that the

domain of a function equals the range of its
inverse and the range of a function equals the
domain of its inverse. Thus, the range of f is

also [—3,7] .

f(x)=2tanx-3

y=2tanx—3
x=2tany-3
2tany =x+3
tan y :x_-i-3

y=tan"" x+3 =f! (x)
2
The domain of f (x) equals the range of ™' (x)

. T T T . .
andis ——< x<— or | ——,— | ininterval
2 2 22

notation. To find the domain of f~' (x) we note

that the argument of the inverse tangent function
can be any real number. Thus, the domain of

f_l(x) is all real numbers, or (—oo,oo) in

interval notation. Recall that the domain of a
function equals the range of its inverse and the
range of a function equals the domain of its

inverse. Thus, the range of f is (—oo,oo).

f (x) = —2cos(3x)
y= —2cos(3x)
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56.

Section 7.1: The Inverse Sine, Cosine, and Tangent Functions

by :—2cos(3y)

cos(3y) =—§

3y=cos| -
y =lcos_l 2= ! (x)
3 2
The domain of f (x) equals the range of
f_l(x) andis 0<x < %, or {0,%} in interval

notation. To find the domain of f~' (x) we note

that the argument of the inverse cosine function
is %x and that it must lie in the interval [—1, IJ .
That is,
~1<-2<1

22x2-2

-2<x<2
The domain of fﬁl(x) is {x|-2<x<2},or

[—2, 2} in interval notation. Recall that the

domain of a function equals the range of its
inverse and the range of a function equals the
domain of its inverse. Thus, the range of f is

[-2.2].

f(x)=3sin(2x)

y =3sin(2x)
x=3sin(2y)

The domain of f (x) equals the range of

- . T V4 T .
f 1()c) andis —<x<—,or |——,— | in
4 4 4 4
interval notation. To find the domain of f - (x)
we note that the argument of the inverse sine

.. X . .. .
function is 5 and that it must lie in the interval

57.

58.

[—1, 1] . That is,

-3<x<3
The domain of fﬁl(x) is {x|-3<x<3},or

[—3,3] in interval notation. Recall that the

domain of a function equals the range of its
inverse and the range of a function equals the
domain of its inverse. Thus, the range of f is

[-3.3].
f(x)=—tan(x+1)-3
y=—tan(x+1)—3

x:—tan(y+l)—3

tan(y+1)=—x—3

y+1=tan’l(—x—3)
y=—1+tan™" (—x—3)
=-1-tan” (x+3)=f"(x)

(note here we used the fact that y =tan™' x is an
odd function).
The domain of f (x) equals the range of

-1 . T T
x) andis —-1-—<x<—-1,0r
o 5 5
{—1 —%,%— 1} in interval notation. To find the

domain of f ! (x) we note that the argument of

the inverse tangent function can be any real

number. Thus, the domain of f - (x) is all real

numbers, or (—oo,oo) in interval notation. Recall

that the domain of a function equals the range of
its inverse and the range of a function equals the
domain of its inverse. Thus, the range of f is

(-evi).
f(x)=cos(x+2)+1
y :cos(x+2)+1
x:cos(y+2)+1
cos(y+2):x—1
y+2=cos’l(x—1)

y :cosfl(x—l)—Z
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59.

The domain of f (x) equals the range of
£ (x) andis 2<x<7z-2,0r [-2,7-2] in

interval notation. To find the domain of f~' (x)

we note that the argument of the inverse cosine
function is x—1 and that it must lie in the

interval [-1,1]. Thatis, -1<x-1<1
0<x<2
The domain of fﬁl(x) is {x|0<x<2}, or

[0,2} in interval notation. Recall that the

domain of a function equals the range of its
inverse and the range of a function equals the
domain of its inverse. Thus, the range of f is

[0.2].

f(x)=3sin(2x+1)

y =3sin(2x+1)
x=3sin(2y+1)

sin(2y+1) =§

2y+1=sin"' >

1 L1 X 1 1
=—sin” | = |-—= X
- (3} =)
The domain of f (x) equals the range of

£ () andis —%—%s xs-%%, or

—_——,——+ z in interval notation. To find
2 4 2 4

the domain of f ! (x) we note that the argument
of the inverse sine function is % and that it must

lie in the interval [—1,1} . That is,

-3<x<3
The domain of f~' (x) is {x|-3<x<3},or
[—3,3} in interval notation. Recall that the

domain of a function equals the range of its
inverse and the range of a function equals the

60.

61.

domain of its inverse. Thus, the range of f is
[-3.3].
f(x)=2cos(3x+2)
y= 2cos(3x+ 2)
x= 2COS(3y +2)

cos(3y+2) =§

3y+2=cos” i
3y=cos”' X -2
o]

Los [ X222
y—3cos [2) 3 f (x)

The domain of f (x) equals the range of

-1 . 2 2
x) andis ——<x<—-—+—,0r
JA€9) 3 313

{—%,—%+%} in interval notation. To find the

domain of f ! (x) we note that the argument of

. . . .X .
the inverse cosine function is E and that it must
lie in the interval [—1,1]. That is,

—1<=<1

2
-2<x<L2
The domain of f_l(x) is {x|—2£x£2} ,or

[—2, 2] in interval notation. Recall that the

domain of a function equals the range of its
inverse and the range of a function equals the
domain of its inverse. Thus, the range of f is

[-2.2].

4sin"'x=7x
. -1 T
sin” x=—
4

. 2

x=sin—=——

4 2

The solution set is g}
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62. 2cos'x=x

4T
COS XxX=—
2

x=cos£=0
2

The solution set is {0} .

63. 3cos™' (2x)=27

2r

cos'(2x) ===

(20)=2
2x:cosz—”
3

2x=—l

2

1

xX=——

4

The solution set is {—%} .

64. —6sin”' (3x)=7x

sin™ (3x -z

(35) =2
3x:sin£—£)
6

3x=—l

2

1

xX=——

6

The solution set is {—é} .

65. 3tan'x=rx

tan” x =

3
x=tan§=\/§

The solution set is {\/5 } .

66. —4tan'x=rx

1 /4
tan x=——
4

x= tan[—z) =-1
4

The solution set is {—1} .

Section 7.1: The Inverse Sine, Cosine, and Tangent Functions

67. 4cos™ x—2mr=2cos' x

68.

69.

70.

635

2cos x—27=0
2cos x =27
cos'x=rx
x=cosm=—1

The solution set is {—1} .

1 1

5sin” x—27x =2sin" x—37
3sin'x=-x
.. V4
sSin x=——
3
) 3
x=sin| —— |=——
3 2
. RG]
The solution set is _T .
Note that 8 = 29°45" =29.75°.
0 penali cos™ (tan(23.5 -5 )tan(29.75 - ﬁ))
b4
~13.92 hours or 13 hours, 55 minutes
b. Do 1_cos_l(tan(0~ﬁ)tan(29.75~&))
b
=~ 12 hours
e peoalio cos™ (tan(22.8 - )tan(29.75 - ﬁ))
b4
~13.85 hours or 13 hours, 51 minutes
Note that 8 = 40°45" =40.75° .
0. Deoali- cos™ (tan(23.5 . &)tan(40.75 &))
b
=~14.93 hours or 14 hours, 56 minutes
b peoali cos™ (tan(0~ﬁ)tan(40.75 . %))
b4
=12 hours
e Do {1 B cos™ (tan(22.8 . &)tan(40.75 I;’O))]
b

=~14.83 hours or 14 hours, 50 minutes
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71. Note that 6 =21°18"=21.3°.

a.

b.

D=24-11

~ cos™ (tan(23.5 . L) tan(21.3 . ”))}

180 180
T

~13.30 hours or 13 hours, 18 minutes

D=24.|1- cos™ (tan(o-lfxfo)tan(Zl.ylgro))]

T

=12 hours

180 180

D=24-11

~ cos™ (tan(22.8 . L) tan(21.3 . ”))]

~13.26 hours or 13 hours, 15 minutes

72. Note that §=61°10"=61.167°.

73.

a.

Do 24{1_ cos™ (tan(23.5~lgo)tan(6l.l67.l;r0))]
T

~18.96 hours or 18 hours, 57 minutes

180 180

D= 24.[1_ cos“(tan(o.”)tan(61.167.n))}

=~ 12 hours

180 180

D= 24.[1_ cos™ (tan(22.8.”)tan(61,167.7r))]
T

~18.64 hours or 18 hours, 38 minutes

D=24-[1-

cos™! (tan(23.5 . lg'o)tan(Olg’o))J
T

=12 hours

cos™! (tan(0~lg’0)tan(0~lg’0))]

D=24-11-

T

=12 hours

cos™! (tan(22.8 . lg])tan(Olgo))J
b

D:24~[l—

=12 hours

There are approximately 12 hours of
daylight every day at the equator.

74. Note that 8 = 66°30"=66.5° .

a.

D=24. [1 _cos”! (tan(23.5- %) tan (66.5 l'x[o))]
n

= 24 hours

636

75.

b. D:24.[1_cosl(tan(o.&])tan(%.y&]))]
T
=12 hours
. D:24'[1_cos’l(tan(22.8-lgﬂ])tan(66.5~1§)))]
T

=~ 22.02 hours or 22 hours, 1 minute

d. The amount of daylight at this location on the
winter solstice is 24—24 =0 hours. That is,
on the winter solstice, there is no daylight. In
general, for a location at 66°30' north latitude,
it ranges from around-the-clock daylight to no
daylight at all.

Let point C represent the point on the Earth’s
axis at the same latitude as Cadillac Mountain,
and arrange the figure so that segment CQ lies
along the x-axis (see figure).

At the latitude of Cadillac Mountain, the effective
radius of the earth is 2710 miles. If point D(x, y)
represents the peak of Cadillac Mountain, then the
length of segment PD is

1 mile
5280 feet
point D(x,y)=(2710, y) lies on a circle with

1530 ft- =~ (.29 mile. Therefore, the

radius r =2710.29 miles. We now have
X 2710

cosf@=—=
r 2710.29

6 =cos™ _27110_
2710.29
Finally, s =r0=2710(0.01463) = 39.64 miles,
and 27(2710) _ 39.64 50
24 t
. 24(39.64)
27(2710)

) =~ (0.01463 radians

=~ (0.05587 hours = 3.35 minutes
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Section 7.1: The Inverse Sine, Cosine, and Tangent Functions

Therefore, a person atop Cadillac Mountain will
see the first rays of sunlight about 3.35 minutes
sooner than a person standing below at sea level.

76. 6(x)=tan™ [3—:)—tan"l [g) .

a. 6(10)=tan™ [%} —tan™ [ij = 42.6°

10
If you sit 10 feet from the screen, then the
viewing angle is about 42.6°.

6(15)=tan™ (ﬁj—tan'l (ij =~ 44.4°
15 15

If you sit 15 feet from the screen, then the
viewing angle is about 44.4°.

6(20) =tan™' 34 _an [ 2] 24080
20 20

If you sit 20 feet from the screen, then the

viewing angle is about 42.8°.

Let r = the row that result in the largest
viewing angle. Looking ahead to part (c),
we see that the maximum viewing angle
occurs when the distance from the screen is
about 14.3 feet. Thus,

5+3(r—-1)=14.3

5+3r-3=14.3
3r=12.3
r=4.1

Sitting in the 4™ row should provide the
largest viewing angle.

Set the graphing calculator in degree mode

and let ¥, =tan™' [ﬁj—tan" (éj
X X

90°

/\

00
Use MAXIMUM:

0 50

637

77.

78.

90°

[

Haxiraur
0| #=14.2B2BEn _¥=un.uzro0k .| 50
OO
The maximum viewing angle will occur
when x =14.3 feet.

a=0; b:x/g; The area is:
tan" b—tan" @ =tan"' /3 —tan"' 0
=T o

3

V3 .
= ? square units

3

a:—T; b=1; The area is:

g

tan'b—tan"' g =tan"' 1—tan™ (—T

b4 .
==— square units
12

ﬁ

a=0; b= 5 ; The area is:
sin'h—sin'a=sin™" (?j—sin'l 0
=T o
3

T .
= g square units
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Chapter 7: Analytic Trigonometry

b. a=—l
2

sin”'b—sin”' a =sin™’' (lj —sin™ [—l)
2 2
_ z_(_zj
6 6

v .
= E square units

i b :% ; The area is:

79. Here we have o =41°50', B =-87°37",

80.

o, =21°18', and B, =-157°50".
Converting minutes to degrees gives
o =(412)°, B =(-87%)°, &, =21.3°, and

B = (—157%)0. Substituting these values, and

r =3960, into our equation gives d = 4250
miles. The distance from Chicago to Honolulu is
about 4250 miles.

(remember that S and W angles are negative)

Here we have o =21°18', B =-157°50",

o, =—-37°47", and 3, =144°58".

Converting minutes to degrees gives ¢ =21.3°,
B =(-1572)°, &, =(-3742)°, and

b= (144%)O . Substituting these values, and

r =3960, into our equation gives d = 5518
miles. The distance from Honolulu to
Melbourne is about 5518 miles.

(remember that S and W angles are negative)

Section 7.2

Domain: {x

x # odd integer multiples of %} ,
Range: {y| y<-lory= 1}
True

1 5

N
x=secy, 21,0, rx
cosine

False

True

8. True

9.

10.

11.

[ " \/EJ
COS| sIn 7

Find the angle 6, —g <6< g, whose sine
equals —2
q >

sin@ =

|
o a
IA
)
A
o a

ol

NG

o="_
4

2
cos| sin”' —= [=cos
2 2

. [ 4 1}
sin| CosS —
2

Find the angle 8, 0 <@ < w, whose cosine

&3

equals l
q 3

cosd=—, 0<Z60<m

wla =

V3

T2

0
. [ llj .
sin| cos™ — |=sin
2

wfoc (-]

Find the angle 8, 0 <@ < w, whose cosine

w3

3
equals ———.

=

=
—

o

Q

2

|
v | &
N
(—

I

-

8

=
o

|

|
w &
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o wfo)

Find the angle 8, —g <0< g, whose sine

equals —l
q 3
sin@:_l’ _ESQSE
2 2
0:—_
6
.o 1 T \/3
tan| sin — ||=tan| - = |=———
2 6 3

13. sec[cosl lj
2

Find the angle 8, 0 <8 <, whose cosine

equals l
q >

14. cot {sin"l [—lﬂ
2
. T T .
Find the angle 4, _E <@< E, whose sine

equals —l
q 2

15.

16.

17.

18.

Section 7.2: The Inverse Trigonometric Functions [Continued)]

csc(tan’1 1)

Find the angle 6, —g <f< g, whose tangent
equals 1.

tand =1, —E<€<E
2 2

o==
4

csc(tan"l 1) —escZ =2
4

sec ( tan™" \/g)

Find the angle 4, —g <@< g, whose tangent

equals V3.
tan¢9:\/§, —E<¢9<E
2 2
o="
3

sec(tan’l \/g) = secE =2
3

sin [tan'l (—I)J

Find the angle 4, —g <@< g, whose tangent

equals —1.
tan@ =—1, —E<49<E
2 2
g=-=
4

sin[tan’1 (—1)] =sin (—gj = _ﬁ

()

Find the angle 4, —g <@< g, whose sine

equals ——3
q >
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Chapter 7: Analytic Trigonometry

19.

20.

21.

wfur(]

Find the angle 9, —g <0< g, whose sine

equals —l
q 3

{4

Find the angle 8, 0 <8 <, whose cosine

equals ——3
q >
cosﬁ——ﬁ 0<f<m
2
L
6

Find the angle 8, 0 <8 <, whose cosine

equals ——2
q 5>
cosﬁz—ﬂ, 0<f<m
2
g=3T
4
_1[. 5t 3m
cos | sin— |=—
4 4

22,

23.

24,

tan™' (cotﬂj =tan”" —L
3 V3

Find the angle 6, —g <@< g, whose tangent

equals L
5
1 i T
tanf=——=, -—-—<O<—
NE) 2
o=-=
6

e

Find the angle 6, —g <6< g, whose sine

equals ——3
q 5

|
N a
IN
Ny
IN
N a

Find the angle €, 0 <8 <m, whose cosine

equals —1.
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25.

26.

217.

Section 7.2: The Inverse Trigonometric Functions [Continued)]

tan (sin1 lj
3

Let @ =sin"'—. Since sin9=% and

W | =

_I <@< g , @ isin quadrant I, and we let

2
y=1and r=3.
Solve for x:
x*+1=9
x* =8
x=+/8 =422
Since @ isin quadrant I, x = 202,

1 V2 2

tan(sin1%)=tan9=z=_ N2 _ N2

x 22 2 4
tan(cosllj
3

Let 9=cos"%.Since cos&=% and 0<O<m,

@ isin quadrant I, and we let x=1 and r =3.
Solve for y:

1+y*=9
y' =8
y=+/8 =122

Since @ isin quadrantl, y = 2.

tan(cos_1 é) =tan @ = Y- & =22

X 1
sec(tan'l lj
2

Let 49=tan"%.Since tan6=% and

—g <@< g , @ isin quadrant I, and we let

x=2and y=1.
Solve for r:
22 +1=/,7
r’=5
r=\5
@ is in quadrant I.

sec(tan_l %j =secld = r = ﬁ

x 2

28.

29.

30.

[. L2
COS| S1n ?

N2
3

Let @ =sin" . Since sinf = and

w| &

_I <@< % , @ isin quadrant I, and we let

2
y:\/E and r=3.
Solve for x:
X +2=9

=7
xi\ﬁ

Since @ isin quadrant I, x = J7.

(. 1\/§J X \/7
COS| S1in T =cosf=—=——

r 3

Let @ =sin '[—%J.Smce sin@=—-—= and
T T ..
—5 <6 SE’ @ is in quadrant IV, and we let
y:—x/E and r=3.
Solve for x:
X +2=9
=7
xziﬁ

Since @ is in quadrant IV, x =

co{sin{—ﬁﬂzcotezﬁz .£:_L4
3 y

ER

\S}

2

5y

csc[tan’l (- 2)]
Let @=tan"'(-2). Since tan@=-2 and

—g <@< g , @ isin quadrant IV, and we let

x=1and y=-2.
Solve for r:
1+4=7r"
r’=5
r=i\/§
Since @ is in quadrant IV, r =\/§ .

o5
2

csc| tan ' (=2 :CSCHZL:_:_
[tan™!-2)]
y —
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Chapter 7: Analytic Trigonometry

31. sin[tan"(-3) ]| x> +20=25
Let @ =tan"'(-3). Since tan@=-3 and x*=5
xX= i\/g
o<l , @1is in quadrant IV, and we let ) .
2 2 Since @ isin quadrant I, x = V5.
x=1 and y=-3. 25 5
.1 r
Solve for r: sec{sm _J =secf=—=-"—=15
1+9=7r° > 5
2 _
=10 34. csc(tan"l l)
r= i\/ﬁ 2
Since @ is in quadrant IV, r = \/E . Let € =tan™" % . Since tan @ =% and
. _ . y
sin| tan”'(=3) |=sin@ ==
[ ( )] r —g <@< g , 0 isin quadrant I, and we let
= _3.\/52_3\/B x=2and y=1.
\/E \/E 10 Solve for r:
\/_ 22 +1=r2
32. cot {cos"l (—?SJ:I P2 =5
r=v5
G V3 3 0 is in quadrant I
Let 8=cos —? . Since cosBz—T and 1s 1n quadrant 1.

-1 1 _ _ r _ \/g _
0<6<m, @ isinquadrant I, and we let csc[tan E =csct _; _T - \/g
x=—/3 and r=3.

Solvezfor > 35. sin™ cos3—7t =sin™ V2 |__T
3+y° =9 ’ 4 2 4
y =6
y=1J6 36. cos™ (sin %) =cos™ [—%) = %
Since @ is in quadrantII, y = J6.
. 3 X 37. cot”'3
cot| cos 3|7 cotd = ; We are finding the angle 6, 0 <8 <, whose
cotangent equals V3.
B -1 2_ 2
:7:$.E:_7 cot@=+3, 0<éb<n
P
6
33. sec|sin™ ﬁ T
5 cot'\/3= .
Let 6=sin™' ﬁ . Since sin@ = & and
5 38. cot™'l
_Teo<™ gisin quadrant I, and we let We are finding the angle 6, 0 <8 <m, whose
27 T 27 ’ cotangent equals 1.
y=25 and r=5. cotfd=1, 0<é<m
Solve for x: _r
4
cot'1="
4

642
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39.

40.

41.

42,

Section 7.2: The Inverse Trigonometric Functions [Continued)]

csc (-1)

T

s

We are finding the angle 6, —g <6<

[\

6 # 0, whose cosecant equals —1.

csc=-1, -L<o< 920
2 2
g T
2
escl(-)=-L
=D >
csc’lx/z

T

s

We are finding the angle 6, —g <6<

[\

6 # 0, whose cosecant equals ﬁ .

csc¢9=\/§,

“Teo<® 920
2 2

We are finding the angle 8, 0<0<m, 8 # g ,

243
whose secant equals — .

s%9=2i§, 0<f<m 9=+~
3 2
o="
6
4 23 =«
secT ——=—
3 6
sec™ (=2)

We are finding the angle 8, 0<8<m, 0 # g s

whose secant equals —2.

secf=-2, OSHSTE,H;tg
g=2"
3
21
sec (=2)===
(-2)-2

643

43. cot™ {—QJ
3

44.

45.

We are finding the angle 6, 0 <8 <n, whose

3
cotangent equals 5

cotﬁ——g, 0<é<m
=
3
4 ) 2n
cot” | ——— |=—
3 3
A 243
cse | ———
3
.o T T
We are finding the angle 6, 5 <6< >
6 # 0, whose cosecant equals —%.
cm9=—£@3 “Tco<t 920
3 2 2
o=-=
3
1 2\/5 T
cse | ——— |=——
3 3
1 1

sec'4=cos' —

We seek the angle 8, 0 <6<z, whose cosine

1 1 .
equals s Now cos9=z, so @ lies in quadrant

I. The calculator yields cos™ % =1.32, which is

an angle in quadrant I, so sec™' (4)=1.32.

=Tl 4%
1.3181 16672
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Chapter 7: Analytic Trigonometry

46.

47.

48.

csc'5=sin™" 1
5

We seek the angle 6, —% <6< %, whose sine

equals l Now sin¢9=é, so @ lies in

quadrant I. The calculator yields sin™ % =0.20,

which is an angle in quadrant I, so
csc'5=0.20.

EinTCl-2%
L ZA13S79288

cot™' 2 =tan™ 1
2

We seek the angle 6, 0< 6 <z, whose tangent

equals l Now tanﬁz%, so @ lies in

quadrant I. The calculator yields an™ % =0.46,

which is an angle in quadrant I, so

cot™ (2)=0.46.

ffanTiI22
- 46364 7EES

sec”(=3) =cos™ (—lJ

3
We seek the angle 8, 0 <6 <z, whose cosine
equals —é. Now cosﬁz—%, @ lies in
quadrant II. The calculator yields

cos™! [ —%) ~1.91, which is an angle in

quadrant II, so sec™' (—-3)=1.91.

o= T 137
1.916633236

49.

50.

51.

csc™! (-3) =sin™ (—%)

We seek the angle 9, —% <0< %, whose sine

equals —%. Now sinez—é,so @ lies in

quadrant IV. The calculator yields

sin™! ( —%) ~—0.34 , which is an angle in

quadrant IV, so csc™' (=3) = -0.34.

in T =133
-, 3398359895

cot™ (—%) =tan"'(-2)

We seek the angle 6, 0 <& <z, whose tangent
equals —2. Now tan@=-2,so @ lies in
quadrant II. The calculator yields

tan”' (—2)=—1.11, which is an angle in
quadrant IV. Since @ lies in quadrant II,

0 =-1.11+ 7 =2.03. Therefore,

cot™ [—1) ~2.03.
2

fLanTC -2
-1.187145718
Ari=+

s
2. 834443936

cot” (—5) = tan” [%j

We seek the angle 6, 0< 6 <z, whose tangent

1 1 ..
equals — . Now tan@=——, so @ lies in

5 NG

quadrant II. The calculator yields

tan™' (—L) ~—0.42 , which is an angle in

J5

quadrant IV. Since @ is in quadrant II,
0 =-042+ 7w =272. Therefore,

cot™ (—\/g) ~2.72.

EETTR DI P =R
- 42E3343353

2.72183583158

Aris+m
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52.

53.

54.

Section 7.2: The Inverse Trigonometric Functions [Continued)]

1
cot”'(=8.1)=tan™ | ——
( ) ( 8.1}
We seek the angle 6, 0< 6 <z, whose tangent

equals —L. Now tanez—L, so @ liesin
8.1 8.1

quadrant II. The calculator yields

tan”' [—%) =~—0.12, which is an angle in

quadrant IV. Since @ is in quadrant II,

0~-0.12+7~3.02. Thus, cot” (~8.1)=3.02.

fan T -1-8, 17
- 1228352389
Ari=+n
3.818757415

We seek the angle 6, —%SHS%, 0=-0,

whose sine equals —% . Now siné = —% ,s0 @
lies in quadrant IV. The calculator yields

sin™" [—%) =~ —(.73, which is an angle in

quadrant IV, so csc™ [—%) =—0.73.

Ein T -Z-30
S T2AVETRDEZ

We are finding the angle 8, 0<0< 7, 0 # % s

whose cosine equals —% . Now cos@ = —% , SO
@ lies in quadrant II. The calculator yields

cos™! [ —%) ~2.42, which is an angle in

quadrant I, so sec”™' [—%) =242 .

e T ]
2.418858486

645

56.

57.

58.

We are finding the angle 8, 0< 8 <7z, whose
tangent equals —% . Now tané = —% ,s0 @
lies in quadrant II. The calculator yields

tan”' [—%) =~ —0.59, which is an angle in
quadrant IV. Since @ is in quadrant II,

@ =~-0.59+7x=~255. Thus, cot™ [—%) =~255.

fLan 10 =230
-. SEEEEZEB3S
A=+
2.533590885

cot™ (—\/E) =tan”' [—%)

We are finding the angle 8, 0< 8 <7z, whose

tangent equals — . Now tan@ =— ,s0 @

1 1
J10 V10
lies in quadrant II. The calculator yields

tan™' [—Lj ~—0.306, which is an angle in

Jio

quadrant IV. Since @ is in quadrant II,

0 ~-0.306+7~2.84. So, cot™ (—\/E) ~2.84.

Fan T -1 -TCIasy
- IAEZPTIESZ
Ari=+n

2. 83531353284

- V4 /4
Let @=tan"'u so that tan@=u , —5<€<—,

2
—oco <y < oo, Then,

1

_ 1
cos(tan lu)=cos6= =
secd sec2 @

1 1
\/lthan2 o \/1+u2

Let @=cos™' u so that cos@=u,0<O0<r,

—1<u<1. Then,

sin (cos_1 u) =sin@ =+/sin’> O

=\/l—cos2 0 =\/l—u2
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59. Let @=sin"'u sothat sin@=u, —%SHS%,

—1<u<1. Then,

tan(sinfl u) =tand = sin 0
cos@
_ sinf _ sinf
- 2, . 2
\/cos o \/l—sm 6
_u
1-u?

60. Let &=cos 'u so that cos@=u,0<0<r,
—1<u<1. Then,

tan(cosfl u) =tan@ = sin0
cos @
_ \/sin2 0 \/l—cos2 0
cos @ cos @
\/1—142

u

61. Let O =sec”' u so that secld=u, 0<@<7x and

9;&— |u| 1. Then,

sin(secfl u) =sinf = \/sin2 g :\/1—0052 o

sec? -1

sec? 6 sec @

= 1-

Il
<
8]
I
—_

g

62. Let O=cot™'u so that cot@d=u, 0<O<r,
—oo <y < oo, Then,

1

\/csc2 0
1

) \/1+c0t2 g ) \/1+u2

sin(cot_l u) =sin@ =+/sin’ 6 =

—

63. Let & =csc'u sothat cscO=u, —%SHS

le\

|u| >1. Then,

_ sin @ .
cos(csc 1u)=cos49=cos6’- =cotfsin @

sin

_cotd \/cot 6 \/csc -1
“csch  csch cscé

64. Let O=sec”'u so that secl=u, 0<@<r and

9¢§,|u|21. Then,

cos(sec_lu):cosﬁz ! :l
secld u

65. Let &=cot™'u so that cot@=u, 0<@<r,
—oo < 1y < oo, Then,

1 1
tan(cot’lu) =tan@ = =_
cotd u

66. Let @ =sec ' u sothat secOd=u, 0<O<7 and

97&%, |u|21. Note that sin@ >0 . Then,
tan(secflu):tanezsinesecﬁ
= sec O/1 - cos?
Rt

The u cannot be cancelled since it can be either
positive or negative.

67. g (fl [%D = cos[sin1 %j

Let @ =sin"" 2 . Since sinf = 2 and
13 13

—% <0< % , 0 isin quadrant I, and we let
y=12 and r=13. Solve for x:

X +12° =13

x> +144 =169

X =25= x=+/25=
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Section 7.2: The Inverse Trigonometric Functions [Continued)]

Since @ isin quadrantI, x=5.

8 (f_l [%D = COS(sin_l %) =cosf = % = %
68. f(g1 (%D =sin [cos1 %j

Let & =cos™ % . Since cos@ = i and

0<6<rm, 6 isinquadrant], and we let x=5
and r=13. Solve for y:

5 +y? =13’
25+y° =169
y? =144
y =144 = %12
Since @ isin quadrant [, y=12.

-1 5 . -1 5 . y 12
-_— = —_— — 6:—:—
f{g [BD sm(cos 13) sin 13
r 1
69. ¢7'| f| —||=cos™ sin—]
’ [f (4D 4

70. [g (%D =sin"'| cos S?ﬂ-j

Ao ()

Let 6 =sin™ (—%) Since sin6=—§ and

—% <6< % , @ isin quadrant I'V, and we let

y=-3 and r=5. Solve for x:
X +(=3) =5
x*4+9=25
x> =16
x =416 = +4

72.

73.

74.

Since @ isin quadrant IV, x=4.

)

Let 8 =cos™ (—%) . Since cos@ = —% and

0< @<, 6 isin quadrant II, and we let
x=-4 and r=5. Solve for y:

(-4’ +y’ =5
16+y* =25
y2 =9
y=+/0 =43
Since @ isin quadrantII, y=3.

{2l ()

:tant9=l=_—3=—E

x 4 4

(3o

Let 6 =tan™ % . Since tan@ = % and

—% <@< % , @ isin quadrant I, and we let

x=5 and y=12. Solve for r:
rP=5"+12’
r’ =25+144=169

r=%4169 =+13
Now, r must be positive, so r =13.

8 [h" (%D = cos(tan'l %) =cosf="= %
p
fln S =sin| tan™’ S
12 12

Let 6 =tan™ el . Since tan@ = S and
12 12

—% <0< % , 0 isin quadrant I, and we let

x=12 and y=5. Solve for r:
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r’=12>+5 X’ +(=2)7 =5
r? =144+25=169 X2 +4=25
r=+169 =+13 x =21
Now, r must be positive, so r=13. = i\/ﬂ
fln e =sin| tan™! el —sing=~ =i Since @ is in quadrant IV, x = V21,
12 12 r 13 P )
1 .1
hl f7|——||=tan|sin” | ——
S )l ()
75. g [f(_?ﬂjj =cos™' [sin (_T”D y =2 2421
:tanﬁz—zﬁz—T
X
=cos! ﬁ -z
2 6 79. a. Since the diameter of the base is 45 feet, we
s 5 have r :E =22.5 feet. Thus,
76. g~ f(——) =cos~ sm[ —) 2
6 6 1 22.5
| o f=cot” | — [=31.89°.
=cos™’ (——j == 1
2 3
b. 6 =cot™ r
1 1 h
77. hl g™ [——j =tan| cos™' (——j r
4 4 coth; —  r=hcotd
Let @ =cos™ (—ij . Since cos@ = —i and Here we have 8 =31.89° and h =17 feet.

Thus, r=17cot(31.89°)=27.32 feet and
0<6@ <, 6 isin quadrant II, and we let us T €0 ( ) eetan

x=-1and r=4. Solve fory: the diameter is 2(27.32) =54.64 feet.
(_1)2 + yZ — 42 .
1+y? =16 c. From part (b), we get h=w.
>=15
Y The radius is 122 =61 feet.
y= +/15 2
Since @ is in quadrant II, =L = 0l =37.96 feet.
cotd 22.5/14
L [ o (_ln ~ e (COS _l j Thus, the height is 37.96 feet.
4 4
80. a. Since the diameter of the base is 6.68 feet,
—tanf=2 =—\/_=— Ji5 6.68
x -1 we have r = T =3.34 feet. Thus,
(-2 1 6 =cot™ [ 222 | =50.14°
78. h(f [—g = tan| sin 4
Let @ =sin™' (——) Since sinf =—-— and b. 6 =cot™ %
r r
—ESHSE, @ is in quadrant IV, and we let cotd=— = h=
2 2 h cotd
y=-2and r=5. Solve for x: Here we have € =50.14° and r =4 feet.
Thus, h= ; =4.79 feet. The

cot(50.14°)
bunker will be 4.79 feet high.

648
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c. 6 =cot’ (4‘—622j =54.88°
From part (a) we have 6,4, =50.14° . For

steep bunkers, a larger angle of repose is
required. Therefore, the Tour Grade 50/50
sand is better suited since it has a larger
angle of repose.

2x
2 2
y+gt

6 =cot™! iz
2y+ gt

The artillery shell begins at the origin and
lands at the coordinates (6175,2450) . Thus,

81. a. cotf=

2-6175

6=cot™ 5
2-2450+32.2(2.27)

~cot ' (2.437858) = 22.3°

The artilleryman used an angle of elevation

of 22.3°.
b. secﬁzvi[
X
xsecd (6175)sec(22.3°)
o 227
=2940.23 ft/sec

1

82. Let. y=cot™ x=cos”

-10

T

2
Note that the range of y=cot™ x is (0, 7),so

N
tan”' = will not work.
X

649

Section 7.3: Trigonometric Equations
0 a1
83. y=sec” x=cos —

_

T

,/"_'

R
84. y=csc'x=sin"'—
x

L"‘IO

r
2

-10

—

T
2

85 - 86. Answers will vary.

Section 7.3
1. 3x—-5=—x+1
4x=6
6 3
X=—=—
4 2

The solution set is {%} .

3. 4x* —x-5=0
(4x—5)(x+1)=0
4x-5=0 or x+1=0

X=— or x=-1

4
. . 5
The solution set is < —1, Z .
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4. x*—x-1=0 11. 2sinf8+3=2
2 2sinf =-1
_ (=D EY() -4 (1)
X= 1
2(1) sinﬁz—E
_14Vi+4 n 1l
- 2 9:?+2kn or 0:?+2kn,kis any integer
1+45
= On 0< 68 < 2w, the solution set is E,& .
2 6 6
The solution set is {1_2\/3 1+2\/§}. |
12. 1-cosf=—
2
2 _
5. (2x-1D)"-32x-1)-4=0 1—cos9=l
[2x-D)+1][@x-D-4]=0 2
2x(2x—-5)=0 %=cos9
2x=0 or 2x-5=0 . 51
5 0 =—+2kn or @ =—+2km, k is any integer
x=0 or x=5 3 3

. . 5 On 0< 6 < 2w, the solution set is E, on .
The solution set is <0, E . 3 3

) 5 13. 4cos’6=1
6. Sx' —-2=x-x 1
Let y, =5x’-2 and y, =x—x". Use 00529=Z
INTERSECT to find the solution(s): 1
6 cosf=x—
2
1 2n . .
0 =—+knor @ =—+km, k is any integer
-6 6 3
. On the interval 0 <@ < 2w, the solution set is
InkgrFseckion
H=.7EAESHEL |v=.1B3L0GNT {n o Ar 51':}
-6 I T R T
In this case, the graphs only intersect in one 30333
location, so the equation has only one solution. |
Rounding as directed, the solutions set is {0.76} . 14. tan’ 6= 3
r Sz tan@ == l:iﬁ
7- s T 3 3
6 6

9=g+kn or 0:5%5+k7t, k is any integer

On the interval 0 < @ < 2w, the solution set is
{z st 7n m}

8. {9‘9 = %-F 2wk, 6 :5?”+ 27k, k is any integer}

9. False because of the circular nature of the
functions.

66 6 6

10. False, 2 is outside the range of the sin function.

650
Copyright © 2013 Pearson Education, Inc.



15. 2sin’0-1=0
2sin* @ =1
sin’ 6=1
2
1

sinf=%,|—=%
2

IS

9=%+kﬂ' or 0:37”+k7z, k is any integer

On the interval 0 < 8 < 27, the solution set is
FE@E}

16. 4cos*6-3=0
4cos’0=3

cos’ 6=§
4

3

cosf=+—

9=%+kn or 6=5Zn+k7c, k is any integer

On the interval 0 < @ < 27, the solution set is
n 5 7 lin
66 6 6]

17. sin(30)=-1
360 = 3_n+ 2k
2

6 :§+%, k is any integer

On the interval 0 < 8 < 27, the solution set is
fn 7 1m)
2767 6

18. tan (gj =3

§+kﬂ', k is any integer

= 2?” + 27k, k is any integer

On 0< 60 <2m, the solution set is {2?“}

19.

20.

21.

22,

23.

Section 7.3: Trigonometric Equations

cos(20) = —%

2(9:2?”+2k7r or 2624?ﬂ-+2k7r

6=§+k7l’ or 6=2?7[+k7r,kisanyinteger

On the interval 0 < 8 < 27, the solution set is
n 2n d4n sn
337373
tan (260) =-1
260 = ??Tn—k km, k is any integer
3n km
6 =—+—, k is any integer
3 2 y g
On the interval 0 <@ < 27, the solution set is

fox Ix tin 13x)

H H s

88 8 8

sec—=—-2

£=2Tﬂ+2kﬂ' 30 9% okn

g AT AT g 8T kT
9 3 3

k is any integer
On the interval 0 < @ < 27, the solution set is
fim 5n. 16x)

97979 |

cot2—f=—\/§

20 Srx . .
? = ?-f- krm, k is any integer

Sr 3krx
==+

0 ——, k is any integer
4 2 Y g

On 0< 8 < 2w, the solution set is {%} .

2sin@+1=0
2sinf =-1
sin6’=—l
2

9=7?n+2k7c or 6=%+2k1‘c,k is any integer

On 0< 60 < 2m, the solution set is {%, %} .

Copyright © 2013 Pearson Education, Inc.



Chapter 7: Analytic Trigonometry

24,

25.

26.

27.

28.

29.

cos@+1=0
cosfd=-1
0 =mn+2kmn, k is any integer

On the interval 0 <6 < 2, the solution set is {7} .

tand+1=0
tan @ =—1
3n . .
o =T+ch, k is any integer

On 0< 60 < 2m, the solution set is {%, %} .

\/gcoté?—kl:O
\/gcot6=—1
cotez—Lz—ﬁ
3 3

o =2—;+kn, k is any integer

On 0< 8 < 2w, the solution set is {2—;, S?TC} .

4secO+6=-2
4secd=-8
secld=-2
2n _4n

0:?+2k7t or 6= i +2km, k is any integer

On 0< 6 < 2m, the solution set is {2—;, 4—;}

Scscd-3=2
S5cscf=5
cscfd=1

0= g +2km, k is any integer

On 0< 8 < 2w, the solution set is {g}

3J2cos+2=—1
Sﬁcos0=—3
1 2

cosf=———==——

2 2

9=%+2k1‘c or 9=%+2k1‘c,kis any integer

On 0< 8 < 2w, the solution set is {%Tn, %E} .

30.

31.

32.

33.

4sin9+3\/§=\/§

4sin@ =-23
. 23 BB
sinf=———=——-
4 2

0:4?71+2k7t or 9:5?75+2k7t, k is any integer

On 0< 8 < 2w, the solution set is {4—;, S—TC} .

3
cos(ZG—Ej =-1
2

20-2 — 4 2kn
2
20 =" 4 2k
2
3n

0= T+ kT, k is any integer

On 0< 8 < 2w, the solution set is {%, %} .

sin(3¢9+£j=1
18

30+~ =21 0kn
18 2

36=%+2kn

A 2km . .
=—+4+——, k is any integer
27 3

On the interval 0 <@ < 2w, the solution set is

4 2om 40m
277277 27 )

On 0< 68 < 2w, the solution set is {%} .
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34.

35.

36.

37.

38.

39.

O 2 T okmoor L-E- okn
3 4 4 3
g=7—n+2kn or g=23—n+2kn
3 12 3 12
6=%+6kn or Bzzi)’Tn+6k7t,

k is any integer.

On 0< 8 < 2w, the solution set is {%} .

sinf@ =

{o

integer. Six solutions are
_T St 13n 17n 257 297

6=

oxla NI'—‘

+2kr or 9—%+2k7z} k is any

tan@ =1
{9

Six solutions are 8 =—, —,—, —,—, —
44747 4 4 4

0= §+ kn} , k is any integer

n 5t 9 13w 17n 2In

V3

tangd = ——
3

{6‘6 = 5%[+ ch} k is any integer

Six solutions are
5n 1lmw 17t 23m 29m 35m

6=%+2kn or 6=7?7[+2k7c}, k is any

{o

integer. Six solutions are
5n n 17n 197 297 3lrn

cosd=0

{o

6=§+2kn or 6=%+2kn}, k is any

40.

41.

42,

43.

44.

Section 7.3: Trigonometric Equations

integer

Six solutions are B—E 3_1': 5_15 7_15 9_15 ln

27272727 2

sin9=£
0|9 ="+ 2kn 0r€:3—”+2k7z , k is any
4 4
integer
n 3t 9t 1ln 17n 19¢
Six solutions are =—, —,—, —,——, ——.
4 4 4 4 4 4
cos(26’)=—l
2

20 = 2—; +2km or 20 = 4% +2km, k is any integer

{6‘6=§+kn or 9=%+kn},k is any integer

Six solutions are H—E E 4_1'c S—TC 7_15 8_15

sin(260) = -
260 = 3715+ 2km, k is any integer
3n . .
6|0 = T+ km;, k is any integer

Six solutions are
3TC T 1lm 15m 197 23n

4747 4 44 4

.6 3
SIN—=—

2 2
6 _an

—+2km g = S?TE +2km, k is any integer

{o

integer. Six solutions are
8t 10m 20m 227 32n 34n

9:8?“+4kn or 9=H)Tn+4kn},kis any

0=—,—, —, —,—,—.
3 3 3 3 3 3

tangz—l

0 3r

—=—+kur, k is any integer
2 4 Y 8

{9‘9 = 37” + Zkﬂ'}, k is any integer
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45.

46.

47.

48.

49.

50.

51.

Six solutions are
3r 7n 1lm 157 19¢ 23_7t

b} bl b} bl

27272727272
sind=0.4
O =sin"' (0.4) = 0.41
0~041 or =~1-041=273.
The solution set is {0.41, 2.73}.

cos@=0.6

@=cos™' (0.6) = 0.93
0=093 or =27r-093=5.36.
The solution set is {0.93, 5.36} .

tanf =5

@=tan"' (5)=1.37
0=137 or @=m+137=451.
The solution set is {1.37, 4.51} .

cotd =2

tan6=l
2

6=tan™ (lj ~0.46
2

0=046 or @=7r+0.46=3.61.
The solution set is {0.46, 3.61}.

cos@=-0.9

f=cos™ (-0.9) = 2.69
0=269 or 0=2r—-2.69=3.59.
The solution set is {2.69, 3.59}.

sin@=-0.2
6 =sin"" (—0.2) =-0.20

6~-020+27 or §=~x—(-0.20).

= 6.08 =334
The solution set is {3.34, 6.08] .

secd=—-4
cosf = —l
4

6 =cos™ [—l) =1.82
4

0=182 or 06=27r—-1.82=446.
The solution set is {1.82, 4.46} .

52,

53.

54.

55.

cscl=-3
sin6=—l
3
- -1 1
f=sin" | ——|=-0.34
3

0=-034+27 or 8=r—(-0.34).
=5.94 ~3.48
The solution set is {3.48, 5.94} .

S5tan@+9=0
Stan@ =-9
tanﬁz—g
5

6 =tan™ (—%j ~—1.064

0=-1.064+7 or 6=-1.064+21
=2.08 =5.22
The solution set is {2.08, 5.22} .

dcot@=-5
cotez—g
4

tan@d =——
5

6 =tan (—%j = —0.675

0=-0675+m or 8=-0.675+2rx.
=247 =5.61
The solution set is {2.47, 5.61} .

3sind-2=0
3sinfd =2

sin€=g
3

6 =sin"' (gj ~0.73
3

0=0.73 or @=7x—-0.73=2.41.
The solution set is {0.73, 2.41}.
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56. 4cos@+3=0
4cosf =-3

cos@ =—§
4

6 =cos™ [—g) =242
4

0=242 or 0=2mr—-242=3.86.
The solution set is {2.42, 3.86}.

57. 2cos*@+cosf=0
cosB(2cosf+1)=0

cosd=0 or 2cos@+1=0
922’3_11 2cosf=-1
2 2 1
cosf=——
2

g2 4n

3 3

The solution set is g, 2—”, 4—7[, 3—”
2 3 3 2

58. sin*@-1=0
(sin@+1)(sind—-1)=0
sin@+1=0 or sinf@-1=0

sin@ = -1 sin@ =1
g=" o="
2 2

The solution set is {E, 3—7[} .
2 2

59. 2sin’ @—sin@—1=0
(2sin@+1)(sin@—-1)=0

2sin@+1=0 or sinfd-1=0
2sinf = -1 sind =1
sing=—~ o="
2
pn 1in
6 6

V4
6 6

60.

61.

62.

63.

Section 7.3: Trigonometric Equations

2cos? @+cosf—-1=0
(cos@+1)(2cos8—-1)=0
cos@+1=0 or 2cosfd-1=0

cosfd=-1 2cosf@ =1
o=r cos€=l
2
g 5T
33
. .|z hY/4
The solution setis <—, 7, — .
3 3
(tan@—1)(sec8—-1)=0
tan@—1=0 or secd-1=0
tan@ =1 secd =1
g=T.3" 6=0
4 4
The solution set is {0, g, 5—”}
4 4
1
(cot@+1) cscH—E =0
1
cotd+1=0 or CSCH—EZO
cotd =-1
csc€=l
_3m In 2
(not possible)
The solution set is {3—”, 7—”}
4 4
sin* @—cos® @ =1+cos

(l—cos2 9)—0052 6 =1+cos8@
1-2cos®> @ =1+cosé

2cos’@+cosf=0
(cos@)(2cos@+1)=0

cos@=0 or 2cos@+1=0
9=£,3—” cosﬁ’:—l
2 2 2
g 2% 4T
3 3
The solution set is E, 2—7[, 4—”, 3—7[ .
2 3 3 2
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64. cos” @—sin’ @+sin@=0

(l—sin2 6)—sin2 O+sind=0

1-2sin° @+sin@ =0

2sin* @—sinf—-1=0

(2sin@+1)(sin@—1)=0
2sin@+1=0 or sinfd-1=0

sinl9=—l sin@d =1

0:

Tr 1z 2

The solution set is {E, 7—”, M}
2 6 6
65. sin2€:6(cos(—¢9)+l)
sin® @ =6(cos (8)+1)
1-cos® @ =6cos@+6
cos’@+6cos@+5=0
(cos@+5)(cos@+1)=0
cos@+5=0 or cosd+1=0
cos@=-5 cos@=-1
(not possible) O=rx

The solution set is {7} .

66. 2sin* 6 =3(1-cos(-6))
2sin® @ =3(1-cos6)
2(1—0052 6) =3(1-cos0)
2—2cos’ @ =3-3cos @
2c0s’@—3cos@+1=0
(2cos@—1)(cos@—1)=0

2cos@—-1=0 or cos@—-1=0
cosezl cosfd =1
2 =0
g7 57
33
The solution set is {0, %, 5?”}

67.

68.

69.

cos @ = —sin(-0)
cos@ =—(-sin8)
cos@ =sin@

sin @ -1

cos@
tan@ =1

The solution set is {%, 5—}

cos@—sin(—0) =0
cosﬁ—(—sin(e)) =0
cos@+sind =0

sin@ =—cos @

sin @ —
cos@
tan@ =—1
p_3m I
4 4
The solution set is {3—”, 7—7[}
4 4
tan @ = 2sin @
S0 _ o ing
cos@

sin@ = 2sin @cos @
0=2sinfcosf—sin b
0=sin@(2cosd—1)

2cos@—-1=0 or sin@d=0
cos¢9=l 0=0.n
2
g_T 5T
33

The solution set is {0, %, T, 5—”}
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70. tan@=cotd

tan @ =
tan @
tan> @ =1
tan @ = %1
p_T 3 5n Tn
4’47 47 4
The solution set is {z, 3—”, 5—7[, 7—7[}
4 4 4 4
71. 1+sin@ =2cos* 8

1+sin@=2(1—sin’ 6)
1+sin@=2-2sin’ 6
2sin’ @+sin@—-1=0
(2sin@-1)(sin@+1)=0
2sin@—1=0 or sin@+1=0
Ging = sin@ =—1
L

S5n 2

"6
The solution set is {%, 5—7[ 3—7[} .

6:

ala o=

s

6 2

72. sin@=2cos6+2
1—cos* @ =2cosf+2
cos’ @+2cos@+1=0
(cos€+1)2 =0
cos@+1=0
cos@=-1

f=m
The solution set is {7} .

73.  2sin’@-5sin6+3=0
(2sin@-3)(sin@+1)=0
2sin@—-3=0 or sin@-1=0

3 B
sin @ = — (not possible ==
> (not p ) 5

The solution set is {%} .

Section 7.3: Trigonometric Equations

74. 2cos>@—Tcos@—4=0
(2cos@+1)(cos@—-4)=0
2cos @+1=0 or cos@—-4=0
sin&z—l cosfd =4
(not possible)

The solution set is {2—”, 4—”} .
33
75. 3(1-cos@) =sin’ 6

3-3cos@=1-cos’ @

cos’ @—3cos@+2=0

(cos@—1)(cosf-2)=0
cos@—1=0 or cos@—-2=0
cos@ =1 cos@=2
=0 (not possible)

The solution set is {0} .

76. 4(1+sin @) = cos* @
4+4sinf=1-sin’ @
sin@+4sinf@+3=0
(sin@+1)(sin6+3)=0
sind+1=0 or sinf+3=0

sin@ =—1 sin@d =-3
0= 3_7[ (not possible)
2

The solution set is {377[} .

77. tanzﬁzgsecﬁ

sec’ H—lzgsece

2sec’ @—2=3sech
2sec’@—3secf-2=0
(2secB@+1)(sec8d-2)=0
2sec@+1=0 or secd—-2=0

1 secd=2
secld =——
2 g1 "
(not possible) 373
The solution set is {%, 5?”} .
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78.

79.

80.

81.

-3n

csc’@=cotf+1
l+cot>@=cotf+1
cot’@—cot@=0
cotB(cotd—-1)=0
cotd =0 or cot@d=1
gt 3m T 5T
2 2 4 4
The solution set is Z, Z, 5—”, 3—” .
4 2 4 2
sec’@+tan6 =0

tan” @+1+tan@ =0
This equation is quadratic in tan @ .

The discriminant is b* —4ac=1-4=-3<0.
The equation has no real solutions.

secd =tan @ +cotf
1  siné
cos® cosf
I sin” @+cos’

cos@

sin @

cos®  sin@cosd
I 1
cosf sinfcosd
sin & cos @ -1
cos @
sin@ =1
T
2

. T L .
Since sec [Ej and tan (E) do not exist, the
equation has no real solutions.

x+5cosx=0
Find the zeros (x-intercepts) of ¥, = x+5cosx:

10 10
VA VA

]

Zesiﬁxkx
n="1.

130844

W=
-10 -10
10

LY
i

H=2.Bx 671 V=0

-10

658

82.

-3

83.

84.

8s.

x=-1.31,1.98,3.84

x—4sinx=0
Find the zeros (x-intercepts) of ¥, = x—4sinx:

10 10
o /_\_/ 3t -3 /_\-/
£ / £
ekt T
H= "2 HPHEST IY=0 H=n =0

-10
10

-10

A 3n

Zetah
HEz47HE7EE V=0

-10
x=-247,0,2.47

22x—-17sinx=3
Find the intersection of ¥; =22x—17sinx and
Y, =3:

—T T

Inkgrseckion
He.Lendeoi? V=2

-5

x=0.52

19x+8cosx =2
Find the intersection of ¥ =19x+8cosx and

Y,=2:

f
]
|

Inkeprseckion
H=-.efrzies Ivsz

-5
x=-0.30

sinx+cosx=x

Find the intersection of ¥; =sinx+cosx and

Y,=x:
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86.

87.

—T

88.

89.

Find the intersection of ¥, = x* —2sin(2x) and

—T

Inkersgckion

n=1.2CB7zBz |V=1.2EE7eHE

-3
x=1.26

SinX—Ccosx =x

Find the intersection of ¥, =sinx—cosx and

Y,=x:

Inkersgckion
n=-1.2E87z8 |V=-1.2E87zH

-3
x=-1.26

x> =2cosx=0

Find the zeros (x-intercepts) of Y, = x> —2cosx:

3

3

\

A

x* =2sin(2x)=3x

Y, =3x:

1\\// \\./ '
e ZeFi
n=-1.0z169 |¥=0 H=1i.0z168 =0
-3 -3
x=-1.02,1.02
x> +3sinx=0
Find the zeros (x-intercepts) of ¥, = x> +3sinx:
3 3
T \-1\/ T -1 \ T
ZeFi ZeF
H=-i.rzzict Iv=0 n=n =0
-3 -3
x=-1.72,0

Section 7.3: Trigonometric Equations

12 12
— 3t g 3n
Interseckioh 2 Intersgckion 2
Bz oL =h B=iANBERHE  YZE.MNEOLME
-3 -3
x=0,2.15
90. x* =x+3cos(2x)
Find the intersection of ¥, = x* and
Y, = x+3cos(2x):
10 10

-2n U/\/ 2n 21

Interseckion Inkerseckion
H=-.alaz0zB [Y=Z79705E7 H=.B108588E Y= REFEEANY

-5 -5
x=-0.62,0.81

n

e 2n

91. 6sinx—e* =2, x>0

Find the intersection of ¥, = 6sinx—e¢" and

Y,=2:

6 6
0 AR 2n 0 L 2n
Inkekseckion Inkerseckion

nw=.rEE1EN0B Y= n=1.z487B41 Y=z

-6 -6

x=0.76,1.35

92. 4cos(B3x)—e" =1, x>0
Find the intersection of ¥, =4cos(3x)—¢" and
Y,=1:
6

N

OfF— i

Inkerseckion
H=Z1zEz463 "Y1

-6
x=0.31
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93. f(x)=0
4sin* x=3=0
4sin*x=3

sin? x =

sin x = +\/7 \/_

=§+kﬂ' or x—?+kﬂ' k is any integer

AW

On the interval [0, 2], the zeros of fare

r 2n dn 5

337373
94, £(x)=0
2cos(3x)+1=0
2cos(3x)=-1
1
3x)=——
cos(3x) 5

3x:2?”+2k7z or 3x:4?”+2k7z

27r 2k dr  2km
—+—o0or x=—+—o,
9 3 9 3

k is any integer
On the interval [0, 7t], the zeros of fare

2n 4 s
9797 9"

95. a. f(x)=0
3sinx=0

sinx=0

x=042km orx =7 +2kr, kis any integer
On the interval [—27[, 4n] , the zeros of fare

=2m,—m, 0, &, 27, 3T, 47 .

b. f(x)=3sinx

¥ 3

(,ll_ﬂ g) (jTﬂ%); ( 2)
6’2

|5t
2 —TT _\11 2nf 3w\ 4w
[TE-3)
=

96.

sinx =

oY)
=z
=)
-
1l
= W W

x= %+2k7z or x :5?”+ 2k, kis any integer

On the interval [—27[, 4n] , the solution set is
{_ﬁ 7n ® 5n 13% 17_%}

s 5 s 5 5

6 6 6 6 6 6

From the graph in part (b) and the results of

part (c), the solutions of f (x) >% on the

interval [—27[,4%] is {x

51 13m 17n}

OI‘E<)C<—OI'—<X<— .
6 6 6 6

f(x)=0
2cosx=0
cosx=0

x:£+2k7z or x :3—”+2k7r, kis any
integer
On the interval [-27,47], the zeros of fare

3t m 7w 3n St In

EAE Uiy
f(x)=2cosx

AW WAWA
%@V \b“

711 1711' _

x=5?”+2kn' orx=7?”+2kﬂ', kis any

integer
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On the interval [—271', 47t] , the solution set is interval (O,ﬂ') , we see that y, >y, for
T 5t 5t T 17 19% 5w S
_— Y —— s — . O<x<—or|0,—|.
6 6 6 6 6 6 6 6
6
d. From the graph in part (b) and the results of
part (c), the solutions of f(x)<—3 on the \
7 5 0 b
interval [-27,4m] is { x B k<X
6 6
5t n  17n 19n} —6
Of —<X<— O — < X<—.
6 6 6 6 7
99. a,d. f(x)=3sin(2x)+2; g(x)za
97. f(x)=4tanx y
a. f(x)=—4 6k (%‘-%)
4tanx =—4 5
@7 o =2
tan x =—1 (12’2> = glx) =35
pd i . f(x) = 3sin(2x) + 2
x|x= —Z+kﬂ' , k is any integer /
* L
b. f(x)<—4 BEAVYA
4tan x < —4 —2r
tan x < —1 b. f(x)zg(x)
Graphing y, =tanx and y, =—1 on the 7
T 3sin(2x)+2=—
interval (——,—), we see that y, <y, for 2
22 3
3sin(2x) ==
V4 V4 T 2
et o[21) 1
6 sin(2x) =5
J 2v="42kz or 2x="T 424z
o T 6 6
2 : V4 kY4
/ x=—+krxr or x=—+knr,
12 12
-6 k is any integer
. . jm 5w
98. f(x)=cotx On [0, 7|, the solution set is 2 hl
a. f (x) = —\/5

c. From the graph in part (a) and the results of
cotx =3 part (b), the solution of f(x)> g(x) on

—5—7[+k ki int T 5w T 5T
x|x= c 7 ¢, k is any integer [0.1] is {x| T <x<2®lor [ & 2F)
12 12 1212
b. f(x)>—/3
cotx>—\/§
Graphing y, = and y, =—+3 on the
tan x

661
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100. a,d. f(x):2cos§+3; g(x)=4

N e =4 7

— e

flx) =2 cos% +3

b. f(x)=g(x)

T ok or 2= iokn
3 2 3

N | =

xzz?”+4kﬂ'or x:lOT”+4kn,

k is any integer

On [0, 47], the solution set is {2;, 10_75}

3

¢. From the graph in part (a) and the results of

part (b), the solution of f(x)< g(x) on

[0,4x] is {x

)

33

3

101. a,d. f(x)=—4cosx; g(x)=2cosx+3
'\,v

or g(x)=2cosx +3

flx) = —4cosx

o IOn} [275 10m
— < x<—c O0r|\—,— .

b.

f(x)=g(x)
—4cosx=2cosx+3
—6cosx=3
3 1
coSx=—=——
-6 2
v=2Z ok or x=F 42k,
3 3
k is any integer

On [0, 27], the solution set is {2?”, 4?”}

From the graph in part (a) and the results of
part (b), the solution of f(x)>g(x) on

[0,27] is x2—7[<x<4—” or(z—”,“—”).
3 3 33

102. a,d. f(x)=2sinx; g(x)=-2sinx+2

b.

4
)

YOI

ks 2T X

g(x)= —2sinx + 2

. flx) =2sinx

3

f(x)=5(x)

2sinx=-2sinx+2

4sinx=2

. 1
sinx=—=—
4 2
v="2kz or x=F + 2%,
k is any integer

On [0, 27[] , the solution set is {%, 5?1':} .

From the graph in part (a) and the results of
part (b), the solution of f(x)>g(x) on

[0, 27] is x£<x<5—7E or(E,S—n).
6 6 6 6
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103. P(t):100+20sin(7?ﬂ-t)
a. Solve P(t)=100 on the interval [0,1].

100+ 2Osin(7?”t) =100

20sin (71:) =0
3
sin (7—7[1) =0
3
%[t =k, k is any integer

3 . .
t= 71{, k is any integer

We need OS%kSI,or 0<k<
For k=0, t=0 sec.

W[

For k=1, t:%z0.43 sec.

For k=2, t=gz0.86 sec.

The blood pressure will be 100 mmHg after
0 seconds, 0.43 seconds, and 0.86 seconds.

b. Solve P(t)=120 on the interval [0,1].

100+2Osin(7?”t) =120

20sin (7?7[1) =20

) (77r )
sin| —t |=1
3
r

?t =2rk +§, k is any integer

3(2k+1)

t= , k is any integer

We need
1
S+3)

For k=0, t=iz0.21 sec
14

The blood pressure will be 120mmHg after
0.21 sec.

Section 7.3: Trigonometric Equations

c. Solve P(t)=105 on the interval [0,1].

100+2OSin(7?ﬂ-t) =105

20sin [th =5
3

3 . _1[3j
t=—sin" | —
T 4

On the interval [0,1], we get 7 =0.03

seconds, t = 0.39 seconds, and ¢ = (0.89
seconds. Using this information, along with
the results from part (a), the blood pressure
will be between 100 mmHg and 105 mmHg
for values of ¢ (in seconds) in the interval

[0,0.03]LU[0.39,0.43]L[0.86,0.89].
104. h(t):1255in(0.157t—§)+125

a. Solve h(r)=125sin [0.157t—§j+125 =125
on the interval [0,40].

1255in(0.157t—%j+125 ~125
1255in(0.157t—%) -0
sin(0.157t—£) -0
2
VA . .
0.157t Y =k, k is any integer

0.157t = k7r+§, k is any integer

V.4
km+—
t= , k 1s any integer

0.157 Y g
0+%

For k=0, t= 2 . 10 seconds .
0.157
.4
T+

For k=1, t = =~ 30 seconds .
0.157
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V3
2r+—

2 . 50 seconds .
0.157

So during the first 40 seconds, an individual
on the Ferris Wheel is exactly 125 feet above
the ground when ¢ =10 seconds and again
when ¢ = 30 seconds .

For k=2, t=

Solve h(t) = 1255in[0.157t —§j+125 =250
on the interval [0,80] .

1258in(0.157t—%j+125 =250
1255in(0.157t—§):125

sin(0.157z—£j=1
2

0.157¢ —% = %-f- 2km, k is any integer

0.157t =7 +2kx, k is any integer

w+2kx . .
t= , k is any integer
0.157
T
For k=0, t =———— =20 seconds..
0.157
For k=1, ¢t =L27[ =~ 60 seconds .
0.157
For k=2, t= w =~ 100 seconds .
0.157

So during the first 80 seconds, an individual
on the Ferris Wheel is exactly 250 feet above
the ground when ¢ = 20 seconds and again
when t = 60 seconds .

Solve h(r)= 1255in(0.157t —%)st >125
on the interval [0,40].

125sin [0.1571 —%) +125>125
125sin[0.157t—§j >0
sin[0.157t—§j >0

Graphing y, =sin(0.157x—§j and y, =0

on the interval [0,40], we see that y, >y, for
10< x<30.

1.5

0 /\ 40
N

-1.5
So during the first 40 seconds, an individual
on the Ferris Wheel is more than 125 feet
above the ground for times between about 10
and 30 seconds. That is, on the interval

10 < x<30, or (10,30).

105. d(x)=70sin(0.65x)+150

a.

d (0)="70sin(0.65(0))+150
=70sin(0)+150
=150 miles
Solve d (x)="70sin(0.65x)+150=100 on
the interval [0, 20] .
70sin (0.65x)+150 =100
70sin (0.65x) = —50

sin (0.65x) = —%

0.65x =sin™' (—gj + 27k

sin™ (—5) +27k
7

0.65
3.94+2rxk 5.94+2rxk
X=————— o X = ———
0.65 0.65
k is any integer
3.94+0 5.94+0
— o X —————
0.65 0.65
= 6.06 min = 8.44 min
For k=1, x~ 3.94+2rx or x = 594+2rx
0.65 0.65
=~15.72 min =~18.11 min

bl

For k=0, x=

For k=2,
394+4rx 594+4r
~———— o Xm——
0.65 0.65
=~ 25.39 min =~ 27.78 min

So during the first 20 minutes in the holding
pattern, the plane is exactly 100 miles from
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the airport when x = 6.06 minutes,
x = 8.44 minutes, x =15.72 minutes, and
x =18.11 minutes .

Solve d (x)=70sin(0.65x)+150>100 on
the interval [O, 20] .
70sin (0.65x)+150 > 100

70sin (0.65x) > —50

sin (0.65x) > —%

Graphing y, =Sin(0.65x) and y, =—§ on

the interval [0,20], we see that y, >y, for

0<x<6.06, 8.44<x<15.72, and
18.11<x<20.

1.5
£
P

(]

-1.5
So during the first 20 minutes in the holding

pattern, the plane is more than 100 miles
from the airport before 6.06 minutes,
between 8.44 and 15.72 minutes, and after
18.11 minutes.

No, the plane is never within 70 miles of the
airport while in the holding pattern. The
minimum value of sin(0.65x) is —1. Thus,
the least distance that the plane is from the
airport is 70(—1)+150 =80 miles.

106. R(6)=672sin(26)

Solve R(6)=672sin(260) =450 on the

interval [O,EJ .
2

Section 7.3: Trigonometric Equations

672sin(26) =450

sin(2¢9) = 450 _ 225
672 336
260 =sin™ (Ej +2kx
336
sin™ (3322) +2k7
6=
2
0.7337 + 2kx 2.408+ 2k
g=~——— or f=————,
2 2
k is any integer
For k=0, 9=M or 6=M
2 2
~ 036685 ~1.204
~21.02° ~ 68.98°
For k=1, g=212T127 . o 2408+27
2 2
=~3.508 ~ 4.3456
= 200990 ~ 248980

So the golfer should hit the ball at an angle
of either 21.02° or 68.98°.

Solve R(6)=672sin(26) =540 on the

(6
interval | O, f) .
2
672sin (26) =540
_540_135

sin(26) 672 168

26 =sin™" 135 + 2k
168

sin™ Gzzj +2km
0 =
2
0.9333+2kx 2.2083+2kx

=T or g TR
2 2

k is any integer

For k=0, 0:%204&) or 0:%23&0

= 0.46665 ~1.10415
=26.74° = 63.26°
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For k=1, = 09330427 o\ 22083+27
2 2
~3.608 ~ 4246
~ 206.72° ~243.28°

So the golfer should hit the ball at an angle
of either 26.74° or 63.26°.

c. Solve R(6)=672sin(26)=480 on the

interval [O,EJ .
2

672sin(26) > 480

Graphing y, =sin(2x) and y, :% on the

interval [O,gj and using INTERSECT, we

see that y, =2y, when 0.3978 <x<1.1730
radians, or 22.79°< x <67.21°.

1.5
_—
0 T
2
Interseckion
n=.287B0148 Y=.7i4zBEFL
-1.5
1.5
—_—
0 H\"\-\. T
2

Inkerscckion
HW=1.1720943 Y= 7i4zEE7L

-1.5
So, the golf ball will travel at least 480 feet
if the angle is between about 22.79° and
67.21°.

d. No; since the maximum value of the sine
function is 1, the farthest the golfer can hit
the ball is 672(1) =672 feet.

107. Find the first two positive intersection points of
Y=-xand Y, =tanx.

666

2n 0

Inkekseckion Inkckseckion
n=c.0zB7EFE YW= -2 0ZHPER HE4.091F180Y  Y=-Y4.91z18

e <

-12

The first two positive solutions are x = 2.03 and
X =

108. a.

-12

491.

Let L be the length of the ladder with x and
y being the lengths of the two parts in each
hallway.

L=x+y

cosﬁzé sinH:i
X y
3 4

x= =
cos @ Y sin @
3
+ .
cos@ sind

L(O)= =3secf+4cschd

3secAtan@—4cscBcot@ =0
3secOtan @ =4cscHcotd

secOtand 4
cscflcotd 3

tan’ ﬂzi
3

tanﬂzi/gz 1.10064

0 = 47.74°
3. 4
cos(47.74°)  sin(47.74°)
=~ 9.87 feet

L(47.74°) =

3
+
cosx sinx
MINIMUM feature:
20

N

Hinipaur
(O [H=42.742950 _v=0.8656626 .| 9()

0

An angle of 8= 47.74° minimizes the
length at L =9.87 feet .

Graph ¥, = and use the

For this problem, only one minimum length
exists. This minimum length is 9.87 feet,
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109. a.

110. a.

and it occurs when 6 = 47.74°. No matter
if we find the minimum algebraically (using
calculus) or graphically, the minimum will
be the same.

107 = 348 sin(26)
9.8
sin(260) = 1(21(2‘;) ~0.8659

26 ~sin™' (0.8659)
20 = 60° or 120°
6 =30° or 60°

. Notice that the answers to part (a) add up to

90°. The maximum distance will occur
when the angle of elevation is 90°+2 =45°:

(34.8)* sin|[ 2(45°
R(45°)= [2(457)] ~123.6
9.8
The maximum distance is 123.6 meters.
2 .
Let ¥, = (34.8)" sin(2x)
9.8
125
0 90
0
THOO
mmin=g
Amax=28
mscl=1A
Ymin=g
Ymax=125
Yeol=25 Intersechion
Ares=1 H=28.990847 _y=107
Inkerseckion Haxiraura
HoROLOOSOET _y=107 MIUE . W=13Z.EFEEY
2 .
110 = (40)° sin(26)
110-9.
sin(20) = 2029 8 =~ (0.67375

26 ~sin”' (0.67375)
20=~42.4° or 137.6°
6=21.2° or 68.8°

The maximum distance will occur when the
angle of elevation is 45°:

667

111.

112.

sin50°

Section 7.3: Trigonometric Equations

40)° sin[2(45°
R(45°) :()—[()] =163.3
The maximum distance is approximately

163.3 meter

40)* sin(2x
Let Y, =—( ) (2%) :
9.8
170
0 90
0
THOICLT
min=a //\
Amax=28
ascl=18
‘Ymin=8
Ymax=17A
wecl=1@ Intrseckion
res=1 #ild7EERE ¥=i10

Intsrsgckion ':
HW=BH.Bzi4zz _Y=110

ﬂgﬁgﬁum b U o Y
Sl_ni =133
sin @,
1.33sin 8, =sin 40°
sing, = S140°_ 4833

6, =sin' (0.4833) = 28.90°

- 1.66
sin 6,

1.66sin 8, =sin50°

_ sin50°

sin @, =~0.4615

6, =sin' (0.4615) ~ 27.48°
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113. Calculate the index of refraction for each:

114, - 2-998X128 ~1.56 120. Since the range of y =sinx is —1< y <1, then

v, 1.92x10 y =5sinx+x cannot be equal to 3 when

The index of refraction for this liquid is about X >47 or x<—7 since you are multiplying the

1.56. result by 5 and adding x.
115. Calculate the index of refraction:

o 5 _~go. SING sind0°

61 =40°, 62 =26% sin 92 - sin 26° =1.47 Section 7.4

116. The index of refraction of crown glass is 1.52. 1. True
sin30° ~152 2. True
sin 6,
1.52sin 6. = sin30° 3. identity; conditional
. ), =
sing, = 139 _ 389 4. -1
O 5.0
6, =~sin™' (0.3352) = 19.20°

The angle of refraction is about 19.20°. 6. True
117. If @ is the original angle of incidence and ¢ is 7. False, you need to work with one side only.

the angle of refraction, then s%n o_ n, . The 8. True

sin ¢
angle of incidence of the emerging beam is also 9. tand csc — sing .1 _ 1
. | . cos@ sin@ cosf
@, and the index of refraction is — . Thus, 8 is
n,
g 1 1
the angle of refraction of the emerging beam. 10. cotf-secd="22.

Yes, these data values agree with Snell’s Law.
The results vary from about 1.25 to 1.34.

The two beams are parallel since the original

119.

the emerging beam are equal.

6| o Losnd 0
Y sin 6, Medium 1
10° 8 Sl 1 2477 )
sn Thick
200 | 15°30'=15.5° | 22 12798 | Slab
sinl5.5°
300 [ 22030'=22.5° | 330y 3066 o\ Medium 1
sin 22.5°
400 | 2000'=200 | S22 3559
S 118. Here we have n, =1.33 and n, =1.52.
50°| 35°0°=35 | S0 =1.3356 nysin 6, =, cos,
60° | 40°30' = 40,50 | MO0 _ 3335 siny _ny
sin 40.5° costy n
, sin 70°
70° | 45°30'=45.5° |~ 13175 n,
sin45.5° tan 6, = P
80° | 50°0'=s00 | 80"} ogse :
sin 50°

6, =tan™' L~ tan™! 1523 48.8°
1.33

n

Answers will vary.

sin@ cosf@ sinf

angle of incidence and the angle of refraction of

668
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cos@® 1+sin@ cos@(1+sinb)

I-sin@ 1+sin@  1-sin’@
cos&(1+sin8)
- cos’ 6
_1+siné
Y

11.

sin@ 1-cos@ sin@(1—cos6)
1+cos@ 1-cosf  l1—cos’ @
_sin@(1-cosh)
- sin’ @

_I—cos®

12.

sin @

13. s1n¢9+cos¢9+cos¢9—s1n¢9

cos@ sin @
sin” 6+ sin @ cos 6+ cos B(cos # —sin 6)

sin @ cos @
sin* @ + sin @ cos @+ cos” @ — cos @sin 8

sin @ cos @
sin? @ + cos” @+ sin @ cos @ — cos Osin

sin & cos @
_ 1
sin & cos 8
14. 1 1 _ 1+cosv+1—cosv
l—cosv 1l+4cosv (1—cosv)(1+cosv)
_ 2
“1-cos’v
2
sin’v

(sin@+cosB)(sinf+cos@)—1
sin #cos @
_sin” @+2sinfcos &+ cos’ 61

15.

sin@cos @
_sin® @+cos’ @+2sinHcos 61
- sin@cos @
_1+2sinfcos -1
B sin & cos @
_ 2sinfcos @
~ sin@cosd
=2

16.

17.

18.

19.

20.

21.

22,

23.

Section 7.4: Trigonometric Identities

(tan@+1)(tan 6+1)—sec’ &

tan @
_tan’ @+2tan@+1-sec’ @
tan @
_ tan> @+1+2tan & —sec’
tan @
_se02€+2tan¢9—se02¢9
tan @
_ 2tan@
tan @
=2
3sin’ @+4sin@+1 _(3sinf+1)(sin+1)
sin” @+2sin@+1  (sin@+1)(sinf+1)
_ 3sinf+1
sin@+1
cos?6-1 _(cos6+1)(cosﬁ—1)
cos’O—cos@ cos O (cos&—1)
_cosf+1
cos@
cscl-cosf =— -cosezc?sezcotﬁ
sin @ sin
secd-sinf = sin@ = sin 6 =tan @
cos@ cos
1+tan*(—0) =1+ (—tan §)* =1+ tan”> § =sec’ &
1+cot?(—6) =1+ (—cot8)* =1+cot’ @ =csc’*
cos @(tan @+ cot @) = cos H(ﬂ + ﬁ)
cos@ sinf
sin® @ +cos” @
=cosf)| ———
cos@sin @
:cosﬁ(;j
cos@siné
1
sin @
=cscl
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

sin @(cot @+ tan @) =sin &

cos 6 sin @ )
sin 6 cos@

_ cos (9 +sin” @
sin Hcos o

sin € cos 49)

cos 9
=secf

tanu cotu —cos” u = tanu - —cos’u

tanu
=1—cos’u

=sin’u

—0052 u

sinucscu —cos” u =sinu - —
sinu

=1-cos’u

=sin’u
(sec@—1)(secO+1) =sec* @ —1=tan’ @
(csc@—1)(cscO+1) =csc* @—1=cot*
(sec @+ tan B)(sec @ —tan @) = sec> @ —tan> 6 =1

(csc@+cot@)(cscd—cotf) =csc’ @—cot> =1

cos” @(1+tan” ) = cos* @-sec’ 6

=cos’ 8- >
cos” @
=1

(1—cos? 8)(1+cot* ) =sin® §-csc’ 8

=sin* 8-

sin” @
=1
(sin @+ cos 8)* + (sin & —cos B)*
=sin” @+2sin@cos @ +cos’
+sin” @ —2sin @cos @ +cos” &
=2sin’* @+2cos’ 6
=2(sin* @ +cos* )
-2.1
=2
670

34. tan’ @cos’ O +cot’ fsin’ @

=2 2

sin” @ cos 6 .
=— 0s” @ +— > -sin” @

cos” @ sin” @
=sin’ @+cos’* @
=1

35, sec' @—sec’ @ =sec’ O(sec’ §—1)
=(tan’ 8+1)tan’ &
=tan' @ +tan’ @

36. csc'@—csc? @=csc?O(csc> 0-1)
= (cot’ @+1)cot’
=cot’ O +cot’ @

1 sinu

37. secu—tanu =
cosu cosu

_(1-sinu 1+sinu
cosu 1+sinu

)
1-sin“u

" cos u(l+sinu)

_ cos’u

" cos u(l+sinu)
cosu

1+sinu

1 cosu

38. cscu—cotu =— -
sinu sinu

_(1-cosu 1+cosu
sinu 1+cosu

2
1—cos” u

" sin u(l+cosu)
_ sin‘u

B sinu(1+cosu)
_ sinu

14+ cosu

39. 3sin® @+4cos® 0 =3sin”> @+3cos’ @+cos’ 8
=3(sin” @+ cos” ) +cos* @

=3-14cos* @

=3+cos’ @
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40. 9sec® @—5tan’ @ =4sec’> @+5sec’ @—5tan’ O
=4sec® 6+ 5(sec’ @—tan> 0)

=4sec’0+5-1
=5+4sec’ 0
A 1- cos’ 6 :l_l—sin249
1+sin@ 1+sin@
. (1-sin &)(1+sin &)
1+siné
=1-(1-sin )
=1-1+siné
=siné
4. 1- sin @ _ _1—c052¢9
1-cos@ 1-cos@
—1- (1-cos@)(1+cosh)
1—cosé@
=1-(1+cos8)
=1-1-coséd
=—cosé

1+ !
I+tanv _ cotv

43.

I-tany _ 1
cotv

)
1+ cotv
_ cotv

o)
1- cotvy
cotvy

cotv+1

cotv—1

cscv—1 _ siny

44. =
cscv+1 1

1-sinv

1+sinv

Section 7.4: Trigonometric Identities

1

45. sec€+ sinf _ cos@ + sin@

cscd cosd 1 cosd
sin @
sin@ sin@
+

" cos@ cos@
=tan @ +tan @

=2tan @

cscfd—-1 cscf-1 csch+1
cotd  cot@ .csc¢9+1
csc’ -1

cot@(cscH+1)

B cot” @

" cot O(cscf+1)

_ cotd

" escO+1

46.

. 1+L
I1+sin@ ~ cscl
l—sine_l_ 1

cscl
cscd+1
__cscd
cscf—-1
cscl
_cscfd+1  csch

47.

cscld cscOd-1
_cscf+1
cscf—1

1
cosf+1  gecH
cosd-1 1

sect
1+secd

secd
1—sec@d

48.
1

secd
_I+secd
1—secé@
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49.

1-sinv L_cosv (1-sinv)® +cos* v

cosv l—sinv cosv(l—sinv)

_1-2sinv+sin® v+cos’ v

cosv(l—sinv)

_ 1-2sinv+1
cosv(l—sinv)
2—-2sinv

~ cos v(1—sinv)

_ 2(1—sinv)
" cos v(l—sinv)
2

~ cosv

=2secv

50.

cosv +1+sinv _cos’ v+(1+sinv)’

1+sinv  cosv cosv(l+sinv)

_cos’ v+1+2sinv+sin’ v

cosv(l+sinv)

2+2sinvy
cosv(l+sinv)
2(1+sinv)
~ cos v(1+sinv)
2

cos v
=2secv

51 sin@ sin @ sin @

sin @ —cos @ B sinf—cos® 1
sin @

1

1_cos¢9

sin @
B 1
1—cot@

sin” @ _ 1—cos’> @

52, 1- =1-
1+cosé 1+cos@

(I—cos @) (1+cosB)

1+cos@
=1—(1-cos8)

=cosé

53.

54.

5S.

(sec @ —tan 0)*
=sec’ @—2sec@tan O +tan> @
1 1 sin@ sin’@
=——-2 . +—
cos” @ cos@ cos@ cos O
_1-2sin@+sin’ 8
B cos’ 6
_ (1—sin@)(1-sin )
- 1—-sin* @
_ (1-sin@)(1—sinb)
"~ (1-sin)(1+sin )
_1-sin@
" 1+sin@

(csc@—cotB)?
=csc? @—2cscHhcotf+cot’ 0

_ 11 cosf cos’6
sin’ @ sin@ sin@ sin’@
_1—2005(9+coszt9

- sin® @

_ (I-cos&)(1-cosb)

B 1—cos* @

_ (I=cos@)(1—-cos )
B (1-cos@)(1+cos@)

_l-cos@
" 1+cos@
cos @ sin @
l1-tan@ 1-—cotéf
cosé sin 8
_l_sine 1_cos¢9
cos @ sin @
cos @ sin &

cos@—sinf sin@—cosf

cos@ sin @
_ cos’ @ + sin’ @
cos@—sinfd sinf—cosf

_ cos® @ —sin’ @
cos@—sin @
_ (cos@—sin B)(cos O +sin )

cos@—sin @
=sin@+cos@
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cotd tan @
+

56.
1-tan@® 1-coté
cos@ sin @
__sin@ 4_Cos [
- sin @ - cos@
cos@ sin @
cos@ sin @

sin @ " cos @
cos@—sinf sinf@—cosf

cos@ sin @
cos’ @ sin’ @

+
sin@(cos@—sinf) cosé(sinf—cosb)

_ —cos® @-cos@+sin’ -sin 9

sin @ cos @(sin 8 — cos &)

sin® @ —cos® 9

sin @ cos @(sin 8 — cos &)

_ (sin@—cos O)(sin” §+sin O cos 6+ cos” 6)

sin @ cos @(sin @ —cos &)

_sin” @+sinfcos §+cos’ 6

sin @ cos @
sin*@  sinfcos@®  cos’ @
+ +

B sin@cosf@ sinfcosf sinfcosl
sin @ cos@
+1+

cos @ sin @
=1+tan@+cotd

cos@ _ sin @ . cos @

1+sin@ cos@ 1+sind
_ sin@(1+sin §) + cos’ 6
B cos @(1+sin @)
_sinf+ sin® @+cos’ 6
~ cos O(1+sinf)
_ sinf@+1
" cos 6(1+sin )
1
 cos6
=secH

57. tan@+

58.

59.

60.
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1
sinf@cosfb)-
_ ( )00826
2 .2
cos”0—sin“6 . 2g_cin2g). 12
cos” @

sin@cos @

sin @

__ cos@
- sin® @

cos’ @
_ tanf
1—tan* @

tan@+secf—1
tan@—secf+1
_tan@+(secd-1) . tan @+ (secd—1)

_tane—(sece—l) tan @+ (sec—1)
_tan” @+ 2tanO(sec O —1)+sec’ —2secf+1
tan” @ — (sec> @ —2secH+1)

sec? @—1+2tan B(sec@—1)+sec’ @ —2sech+1

sec’ @—1-sec’ @+2sech—1
2sec’ @—2secH+2tan B(secO—1)
B 2secd-2
_ 2secB(sec—1)+2tanO(secd—1)
B 2secO—-2
_ 2(sec@—1)(secd+tanH)
B 2(secH-1)
=tan @ +secd

sin@ —cos@+1
sin@+cosf—1
_ (sin@—cos@)+1 (sinf+cosb)+1
B (sin@+cosf)—1 . (sin@+cos@)+1

_sin® @—cos” @+sin 6+ cos @ +sin 6 —cos 6 +1
B (sin @+ cos8)* —1
_ sin® @ —cos® 0+ 2sin@+1
~ sin>@+2sinfcos @ +cos’ H—1
_sin®@—(1—sin’ ) +2sin6+1
B 2sin@cos+1—1

_ 2sin’ 6+2sin8

~ 2sinfcosd

_ 2sin@(sinf +1)

~ 2sin@cosd

_sin@+1

~ cos@
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sind cosé@ sinu cosu
tanf—coté _ cosh siné tanu —cotu 2 cosu__sinu 2
61. == 64, ————————+2cos u=—-22% "% +2cos" u
tan 6+ cot & s1n49+cost9 tan u +cotu sinu _cosu
cos@ sinf cosu sinu
sin” @ —cos” 0 sin”u —cos” u
___cosBsinf __cosusinu__ 5.2,
sin* @+ cos”* 8 sin® u +cos* u
cos@sin @ cosusinu
sin® @ —cos’ 6 sin’ u —cos” u 5
v v =———————+2c0s u
1 1
=sin*> @—cos> 0 =sin’® u+cos’u
=1
1 cos’é
62 secB—cos¢9=COSg cos @ 1 +sin¢9
sec@+cos @ 1 cos’@ 65 secO+tand _ cos@ cosd
cos@ cos@ cot@+cos @ COSH+COS€
l—cos? 6 sin @ .
— 1+sin@
__cosd —
1+cos’ @ = cos® .
— cos @+ cosfsinf
cos@ —Z
{ 29 sin @
—Cos . .
= 1+sin@ sin @
1+cos” @ = : B
., cosf cosB@(1+sinf)
sin” @ .
=—29 sin@ 1
1+cos = :
cos@ cos@
sinu cosu =tan@secd
63 tanl/l_cotl/l_l_lzcosu Sinu +1 1
sinu cosu
tanu +cotu 4 & 66 secl  cos@
cosu sinu . = 1
-, ) I+secd |,
sin“ u —cos” u cos @
_ 'c;)susmuz 41 1
sin“ u+cos” u cos 6
cosusinu " cosO+1
sin®u —cos? u cos 6
= +1
1 _ 1 1-cos®
=sin’u—cos’u+1 14+cos8) \1-cos@
=sin® u+(1—cos?u) _ 1-cos@
2
=sin’® u+sin’ u 1-cos™ 6
. 1—cos@
=2sin"u =
sin” @
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2 2 2
I-tan"8@ ~ 1-tan" 6 1+tan” 6O .

— secd—cosl = —cosé
1+tan’ @ 1+tan’@ 1+tan’ @ cos@
_1—tan2¢9+l+tan2€ =1—coszt9
1+tan’* @ cos@
22 _sin® @
1+tan’ @ sec’ @ cos@
_5. 1 :Sing.smﬂ
sec’ 0 cos @
=2cos* @ =sinftan @
2 2 1
1—cot 9+200829=1_C0t 6+2cos26 72. tan¢9+cot¢9=—sme+—cf)se
1+cot’ 0 csc? 0 cos@ siné
2 sin” @+ cos* @
= 12 —COt29+2coszt9 =T
csc’ @ csc @ sin @ cos &
cos’ @ :;
- 2 sin @ cos @
:sinzﬁ—M+2(zosz¢9 1 1
1 — .
sin? @ cos@ sinf
=sin> @—cos’ @+2cos’ 0 =secfcscld
=sin” 6 +cos’ 0 s L1 _1+sing+1-sing
=1 " 1-sin@ 1+4sin@ (1-sin@)(1+sin6)
secd—cscd sec @ cscé = #
69. = - 1-sin’* @
secdcscld  secOcescl secHcscld )
_ 11 =—
cscl secd cos 26
=sin@—cos @ =2sec” @
S 2 1+sin@ 1-sind
70. sze tan? 7. 1—sin¢9_1+sin¢9
cos” @—cotd
., sin@ _ (1+sin6)’ —(1-sin 6)
) sin”~ 6 — os@ (1-sin 8)(1+sin 8)
_Coszg_cosﬁ _ 1+2sin 6 +sin> 6—(1—2sin 6 +sin’ )
sin @ - 1-sin’* @
sin” @cos @ —sin @ _ 4sin@
= cos @ o’ @
cos” @sin & —cos & 4 sin@ 1
sin @ 7 cosf cosd
B sinzﬂcosﬂ—sinﬂ. sin @ =4 tan Osec O
cos@ cos’ @sin & —cos &
_ siné(sin@cos 6 -1) . sin @
cosé cosB(cos@sinf—1)
_sin’ 6
cos® 0
=tan’ @
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75, sec@ :( secd ).[lJrsinﬂ) 78, seczv—tan2v+tanv:1+tanv
1-sin@ \1-sin@ /) \1+siné secv secv
_secO(l+sin6) I+ sinv
1—sin* @ ____cosv
_secO(1+sin6) 1
cos’ 0 cosv
1 l+sing cosv+siny
T cos cos’ @ =—colsv
_1+sin@
" cos’ @ COSV.
=cosv+siny

1+sin@ (1+sin@)(1+sin8)

sin@+cos@ sin@—cosf

1-sin@ (1-sin&)(1+sinb) 79. o0 “ng
_ (I+sin 6)* _sin@ cos@ sinf  cosf
1-sin’ @ T cos@ cosf sin@ sin@
:(1+sin49)2 =sin¢9+1_1+cos€
cos’ 6 cos @ sin @
1+sin@) _sin® @+cos’ @
:[ cos @ j ~ cos@siné
1 sin@ Y’ :—1
:(cose+cos¢9j cos&sin &
= (sec@+tan §)* =secfescd
. 30. sinf+cos@ cos@—sinf
g7, (secv—tanv)” +1 sin @ cosé
cscv(secv—tanv) _sin@  cos@ 3 cos@ siné
_sec’v—2secvtanv+tan’ v+1 sin@  sin@ cosf cosf
B cscv(secv—tanv) :l_l_ﬁ_l_l_ﬂ
_sec’v—2secvtanv+sec’ v sin & cos
B cscv(secv—tanv) =M
_ZSCCZV—ZSCCVtaHV coiﬁsmﬁ
 esc v(secv —tanv) = m
_ 2secv(secv—tanv) —secHcsc O
cscv(secv—tanv)
2 secy o1, sin’ @+cos’ @
= cscy sin 8+ cos @
1 _ (sin@+cos 6)(sin* @ —sin @ cos @ +cos> )
2.cosv - sin @+ cos 8
T =sin” @+cos’ 6 —sinfcos
sinv =1-sinfcosd
_9. 1 siny
cosv 1
_5. sinv
cosv
=2tanv
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sin® @+ cos®

82, —— 86.

1-2cos’* @
_ (sin@+cos 6)(sin* @ —sin @cos @ +cos’ )
- 1—cos® @ —cos” 6
_ (sin@+cosO)(sin” O+ cos’ @ —sin Hcos 6)
B sin® @—cos’ 6
_ (sin@+cos @)(1—sin & cos 0)
B (sin @+ cos B)(sin & — cos H)

1
_1-sinfcosf o5

sin@—cos@ 1 87.
cos@
—sin@
_ cos@
sin @ 1
cos@
__secf—sind
tan@—1
83 cos’@—sin’ @ _cos’ @ —sin’ 6
" 1-tan’@ 1_sinzﬁ
cos’ @

_ cos’ @—sin’ 6
" cos’>@—sin* @
cos’ @
cos? @

=(cos> @—sin> 6) — 5
cos” @—sin” @

=cos’ @ 38.
84 cos@+sin@—sin’ 6 cosd L sinf sin’ @
’ sin@ sin@ sin@ sind
=cot@+1-sin’ @
=cot@+cos’ @
(2cos> O—1) [2cc)s2 6 —(sin” @ +cos’ 9)}2
g5, [(2cos B

cos*@—sin*@ (cos* @ —sin” B)(cos” 8 +sin* )
B (cos® @—sin” )’
B (cos® @—sin” @)(cos® & +sin” O)
_ cos” @ —sin” 6
 cos’ @+sin’ O
=cos’ 6 —sin’ @
=1-sin’ @—sin’ @

=1-2sin* @
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1-2cos’ @ _1-cos’ §—cos’ 6

sin@cos @ sin @ cos @
_ sin? @ —cos” 8
sin @ cos @

sin* @ cos’ 6

 sin@cos@ sinBcosd
_sin@ cosé
" cos@ siné
=tand—cotf

1+sin@+cosé

1+sin@—-cosé
_ (1+sin¢9)+cos¢9.(1+sin¢9)+cos¢9

B (I+sin@)—cos@ (1+sind)+cosb

_1+2sin0+sin29+20059(1+sin¢9)+c052¢9
B 1+2sin @ +sin” @ —cos”

_ 1+2sin@+sin” @ +2cos (1 +sinO) + (1—sin’ O)
B 1+ 2sin 6 +sin”* @ — (1 —sin* 6)

_ 2+2sinf+2cosf(1+sin )

B 2sin@+2sin’ @

_ 2(1+sin@)+2cosO(1 +5sinH)

B 2sin @(1 +sin )

_ 2(1+sin6)(1+ cos @)

~ 2sin@(1+sin6)

_1+cosé

"~ sin@

1+cos@+sin @
1+cos@—siné
_ (I+cos@)+sin@ (1+cosf)+sinf
B (1+cos@)—sind . (14+cos@)+sind

_ 1+2c0s@+cos’ §+2sinO(1+ cos ) +sin’ 6
B 1+2cos@ +cos* @ —sin’ @
_1+200s9+cos29+2sin9(l+cos9)+l—cos29
B 1+2c0s8+cos’ @ —(1—cos”6)

_ 2+4+2cos@+2sinO(1+cos H)

B 2cos @+ 2cos” 0

_ 2(1+cos@)+2sinO(1+cos H)

- 2cos@(1+cosb)

_ 2(1+cos&)(1+sinb)

B 2cosB(1+cosH)

_1+sind

"~ cos@

L, sing

cos@ cos@
=secH+tand
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89.

90.

91.

92.

93.

(asin @+bcosB)* + (acos@—bsin 0)* 94.
=a’sin” @+ 2absin O cos @ +b* cos” 6

+a” cos® @—2absin 6 cos 6+ b* sin” 6
= a*(sin® @+ cos® 8) +b*(sin’ 6+ cos’ 6)
=a’+b° 95.
(2asin@cos8)* + a’(cos’ @ —sin* 6)*

=44”sin’ Ocos> 9 96.

+a° (cos4 6 —2cos” sin* 6 +sin* 0)

tan+tan f  tana+tan 98.

cota+cotf 1 N 1
tano tan f

_ tano+tan B
 tan B+tana
tan o tan 3

= (tan o + tan ﬂ) . [Mj

tan ¢ + tan 3
= tan ortan 3

(tan & + tan S)(1—cot cxcot f3)

+ (cotx+cot f)(1—tan ortan f3)
= tan o + tan f — tan &z cot xcot

—tan fcotxcot f+cota+cot
—cotatan o tan f—cot ftan o tan
=tan o +tan #—cot f—cota +cotox
+cot f—tan f—tan ¢

=0

(sin @+ cos B)* + (cos B +sin ar)(cos B —sin &)
=sin’ a+2sinacos B +cos> B+cos* B—sin’
=2sinacos f+2cos’

=2cos B(sina+cos )
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97.

99.

(sin o —cos B)* + (cos 3 +sin a)(cos f —sin @)
=sin’ a—2sinarcos B+ cos® B+cos” f—sin’ o

=—2sinacos f+2cos” B =—2cos B(sinar —cos )

1n| se09| =In

‘=ln| cosﬁ|_1 =—1n| cosé’|
cos@

SinZ‘zln|Sin9|—ln|cos¢9|

ln|tan¢9|:1n

1n|1+cos¢9|+1n|1—cos€|
zln(|1+cos¢9|-|l—cos¢9|)
:1n|1—0052¢9|
=1n|sin249|

:2ln|sin9|

ln| se049+tan49|+ln| sec&—tan49|
=ln(|se06+tan49|-| secH—tan6|)
:1n| sec” @ —tan’ €|

= ln|tan2 0+1—tan’ ¢9|

=ln|1|

=0

f(x)=sinx-tanx

sin x

=sinx-
coS x

_sin’ x

cos x
1= cos’ x
© cosx
1 cos? x

COoS x

COS x
=S€CX—COSXx

=g(x)

Copyright © 2013 Pearson Education, Inc.



Section 7.4: Trigonometric Identities

100. £ (x)=cosx-cotx 103. 16+16tan’ @ = \[16(1 + tan> §) = 4/1+tan> 4 .
:cosx-cf)sx Since secf >0 for —Z<@<7%, then
sin x
2 41+ tan> @ = 4/sec’ 6 = 4secd
_cos’x
1sm,x2 104. 9sec? 6-9 =[9(sec? 1) = 3/sec? H-1.
—sin’ x
== Since tan@ >0 for 7 <0<, then
sin x
1 _sinzx 3\/56020—1:3\/tan2¢9:3tan¢9
sinx sinx
=cscx—sinx 105, 1200sec8(2sec® 0 —1) =1200 ! Lz—l
cos @\ cos” 6

=g(x)

2
1200 1 ( 2 cos 6}

101. f(e)zl—sinﬁ_ cos'6 cosf| cos’@ cos’ @
cosfé 1+sind 5
_(1-sin8)(1+5in8)  cosd-cosd _ 1200 {2—025 9}
cos@(1+sin@)  (1+sinH)-cosd cos@|  cos™ ¢
1—sin® @—cos’ @ 1200(1+1—cos26)
~ cosO(1+sin6) - cos’ 0
1-(sin* @ +cos* 6) 1200(1+sin’ 0)
~ cos@(1+sin6) - 05’0
_ 1-1
cos&(1+sin @) 106. 1 =442 (cscﬁ—l)(sec&+tan49)
0 ' cscOsecd
h cos @(1+sin 6) _ 4 cscf—1 secf+tan
o cscl secl
_ 1 tan 6
= =4A%| 1- 1+
8(6) ( cscﬂj[ secé’j
2 . .
102. f(6)=tan6+secé =4A%(1-sin ) (1+sin @)
sing 1 =44 (1-sin”6)
- €+cos€
cos . ,
1+sin6 =4A" cos 9=(2Acos6)
cosé .
l+sin@ 1-sing 107. Answers will vary.
cos¢ 1-sin¢ 108. sin®@+cos’f=1

1—sin* @

_ A tan® 0+1=sec’ @
cos 6 (1-sin )

I+cot*@=csc’ @

_ cos’d

- m 109 - 110. Answers will vary.
_ cosé

~1-sin®

=¢(9)
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Section 7.5 n 4m 3m
13. cos— =cos E+E
2 2
. \/(5_2) +(1_(_3) :cosE-cosg—Sing-SinE
=3 +4> =9+16 =25 =5 RN
, _3 22 2 2
: -L(y2-5)
21 2
3.8 Yoo Y2
22 4 14. tan7—n:tan(3—n+4—nj
12 12 12
b 1-1-1
' 2 2 tang-ktang
4. y=4,r=5x=-3 (Quadrant 2) e an ™
a_x__3 4 3
COREETTTS _1+3
5. — 1-1-3
6 _ 1+3 . 143
) 1-3 ) (1+3
7. Fal
e C14+243+3
8. False _T
9. False 44243
10. True -2
=—2-3
11 sins—n—sin(3—n+2) \/7
12 1212 15. cos165°=cos(120°+ 45°)
= sinE . cos£+ cosE . sinE =c0s120°-cos 45°—sin120°-sin 45°
23 V21 —_l.ﬁ_ﬁ.ﬂ
=k 2 2 2 2
2 2 2 2 | \/_
=——(v2++6
L5 4v2) L (V2 6)
4
N 3t 2m 16. sin105°=sin(60°+ 45°)
) SIHE_SIH 172 12 =sin 60°-cos 45°+cos 60°-sin 45°
. T T T . T \/5 \/5 1 \/5
=sin—-cos——cos—-sin— N2 N2 2 N2
4 6 4 2 2 2 2
23 21 ~ (V6 ++2)
2 2 2 2
L(Js
=—(J6 -2
n )
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17. tan15°=tan(45°-30°) 197 157 4m
20. tan— =tan| —+ —
_ tan45°—tan30° 12 12
1+ tan 45°-tan 30° 5T T
tan — +tan —
| J3 _ 4 3
_ f/' 3 l—tan%-tang
3
_3-433-43 1-143
343 3-3 =1+\/§'1+\/§
9-63/3+3 143 1443
T 9-3 _1+2\/§+3
12-6\3 1-3
T 6 _4+2\/§
-2-3
18. tan195°=tan(135°+60°)
tan135°+ tan 60° b 1 1
= o o 21. sec| — |= =
1—tan135°-tan 60 12 ( nj (37: 4nj
COS| —— CoOS| ————
. —1+3 12 12 12
1-(=1)-/3 - !
—1+«/§ 1—«/5 cosE-cosE+sinE~sinE
- N2 4 3 43
1+\/§ 1—\/5 1
_o1+243-3 V21 2 3
1-3 2.2 2 2
_—4+2«@ N
I} V2++/6
4
=2-/3
4 26
1. T (157,20} Y2ele N2oe
' 1212 _42-4/6
—sins—n-cosEJrcoss—n-sinE 2-6
4 6 4 6 _42-4J6
_ 243 [ V2)1 4
T 2 T2 =V6 -2
1
- (&)
4
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4 4
tan— + tan—
4
4 4
1—tan—-tan—
4 6
b b
1—tan—-tan—
6

T
tan—+ tan—
6

_3—\/5—\/§+1
3_

1
_4-23
2
=243

23. sin20°-cos10°+ cos20°-sin10°=sin(20°+ 10°)

=sin 30°

24. sin 20°-cos80°— cos20°-sin 80° = sin(20°— 80°)
=sin(—60°)
= —sin 60°

25. cos70°-cos20°— sin 70°-sin 20°= cos(70°+ 20°)

=c0s90°

=0

26. cos40°-cos10°+ sin40°-sin10°= cos(40°—10°)

= cos 30°

tan 20° + tan 25°

27. —:tan(20°+25°)
1—tan 20°tan 25°
= tan 45°
=1
ag, nA0—tnl0® _ 400 10%)
1+ tan 40°tan10°
= tan 30°
3
3
. T T n . Tn . (=®m Trn
29. sin—-cos——cos—-sin— =sin| ———
12 12 12 12 12 12

T 5T St Tw
30. cos—-cos— —sin—-sin C +—
12 12 12 12 12

121

=CcosS—

12

=COST

b S . 5m . 0w
31. cos—-cos—+sin—-sin— = cos| —
12 12 12 1

T
=Cos—
3
_1
2
. T 51 n .5t . (m 5m
32. sin—-cos—+cos—-sin— =sin| —+—
18 18 18 18 18 18
. 6T
=sin—
18
. T
=sin—
3
NE)
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33. sing=>. 0O<a<®
5 2
2\/5 b1
cosff=——, ——< <0
S .
y y
(x, 3) 25
5 p . )
3 5
o < = (Zx/g,y)

X +3=5, x>0
x*=25-9=16, x>0
x=4

coso=—,

3
tano =—
5 4

(25) +y7 =5, y<0
y*=25-20=5, y<0

y=—/5
51

: \J5
sinf=——, tanf=—==——
B S B N

a. sin(a+ f)=sinacos f+cosasin S

325,40 5
5 5 5 5
6545
25
25
25
b. cos(a+ ) =cosccos f—sinasin
4295 305
5 5 5 5
854345
25
IS5
25
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34.

C.

d.

Section 7.5: Sum and Difference Formulas

sin(er— f#) = sinxcos ff—cos arsin f
325 4f S5
5 5 5 5
V545
25
1045
25
25
5

tan o —tan 3
l+tan-tan

=)

tan(a — f) =

[
+

N oo |L|h |

(\/§)2+y2 =5, y>0

Y2 =25-5=20, y>0
y=x/2_0=2\/§
25

s

sing =

X 4+(=4*=5" x>0

*=25-16=9, x>0
x=3

3
cos ==,
P 5

-4 4
tanf=—-=——
p 3 3
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a. sin(a+ f)=sinacos f+cosasin f

s

25

b. cos(a+ ) =cosacos f—sinasin S

<SG

15

25

c. sin(a—f)=sinacos f—cosasin f

25)(3) (V5)( 4
e
_6x/§+4\/§

25
1045
T 25

5

tan o —tan 8

d. tan(a-f)=——"—
(@=p) I+tanortan S

(-3,4) y y 1, y)
4 r 2 y
AN B
-3 x 1
P =(=3)"+4*=25
r=>5
. 4 -3 3
sina =— cosq=—=—=
5 5 5

P+y*=2% y>0
y?=4-1=3, y>0

y=
3

sinﬂzﬁ, taHﬂZ—Z\/g
2 1
a. sin(a+ f)=sinacos f+cosasin f
(EMLJ{ENQJ
5)\2 5 2
_4-33

10

b. cos(a+ ) =coscacos f—sinasin

-(_-%J'(I%J-(%J{?J

10

c. sin(a—f)=sinacos f—cosasin [

-BEHE
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tan o —tan 8

d. tan(a—-p)=
(@=p) 1+tanrtan

_(—4—3@]_[%4&]
1 3-443 ) (34443
—48-253
39

_25J3+48
39

36. tana:%, n<05<3—7E

2
sin f=——, 7t<ﬂ<3—TE
2
y y
-12 % x B
X 1 x
-5 7 2
(x’_l)
(~12,-5)
r* = (=12)> +(=5)> =169
r=13
. -5 5 -12 12
sind=—=——, COSO=——=——
13 13 13 13
X+ (=1)?=2% x<0
X’ =4-1=3, x<0
=3
cosﬂ:—ﬁ, tanﬁ:__lzﬁ
2 -3 3

a. sin(a+ f)=sinacosf+cosasin f

L0

53412 12453
26 26
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b. cos(a+ f)=cosacos f—sinasin

CIEHA

26

¢. sin(—f)=sinacos f—cosasin [

tan o —tan 8
1+ tan-tan

5 3 5-443

_12 3 __ 12
L5 B 36453
123 36

[15—12\/3)[36—5\5}

36+5v3 ) | 36-5v3

_ 540—507+/3 +180
C1296-75
720-5073
1221

_ 240-169\3
407

d. tan(a-p)=

37. sina=i, —3—n<a<—n
13 2
tan 8 = —/3, §<,B<n
x, 5) y (_1’ “/5) Y
13

X OL\"/ x \B

X +5=13%, x<0
X2 =169-25=144, x<0

x=-12
-12 12
cos=——=——o, tanoy = ——
13 13 12
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2
7’22(—1)2+\/§ =4 38. cosa=l, —E<0{<0
e 2 2
NE) 1 sinﬂ—l 0<,B<E
sinf=—, cosff=—=—— 3 2
2 2 y y
1
. . . o X
a. sin(e+ f)=sinacos f+cosasin S y (x, 1)
2 3
(S} L . il
13)0 2) L 13)| 2 -
_5-1243 or 541243 .. .
T 26 I'+y° =2, y<0

b. cos(a+ f)=cosccos f—sinasin S

c. sin(a—f)=sinacos f—cosasin f

d. tan(a—p)=

Y2 =4-1=3, y<0

B4

13)0 2) \13){ 2 Sina:ﬂ?ﬁ, tana:ﬂ?\/g
2 2 1

12-53

26 x2+12=32, x>0

X*=9-1=8. x>0

SIS
13) 2 13)1 2 Cosﬂ:&, tanﬁ:Lzﬁ
—-5+1243 : 22 4
6 a. sin(a+ f)=sinacos f+cosasin S
tan o/ —tan 3 = £_£J . {&J +(l) . (l)
l+tanatan S 2 3 2)\3
5 1-24/6
5 () =
1+[—152)-(—\/§) b. cos(a+ f)=cosacos f—sinasin
541243 (1. &]_[_QJ 1
s B H6
12+5V3 J3+2\2
12 T 6
=(_5+12*/§J_[12_5\/§J c. sin(a—f)=sinacos f—cosasin f
12453 ) | 12-5V3 (B (22 (1
~240+169/3 T2 s _(EMEJ
69 ~1-2V6
6
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tan o —tan 3
1+tan o tan 3

e

d. tan(a—p)=

1+(_ﬁ)f
~43-2
4
4-J6
4
_(—4@—\/5}[4“/3}
BUEEN VN

_-16y3-42-418 12

16-6
_-18J3-16v2
- 10
_93-82

5

39. sind = l, @ in quadrant II

a. cos@=—J1-sin’ @ = ’—
’1__
9

8

9

22
3

b. sin(¢9+£j =sin6-cos£+cos9-sin£
6 6 6

3 2 3 2
_B-2V2_22+43
6 6

Cc. CoS H—Z :cos¢9-cos£+sin6?-sinZ
3 3 3

S

Section 7.5: Sum and Difference Formulas

T
ju tan @+ tan —
d. tan[m_):—‘*
1

—tan@-tang
4
——+1
__ 2
1-| ——=|-1
( 2ﬁj
—1+2\/§
__2
242 +1
22
_(2v2-1) (2421
22 +1) | 2421
_8-42+1
8-1
_9-42
7
40. cosﬁ—i, @ in quadrant IV
a. sin@=—-vl-cos’@
2
__ 1{1)
4
oL
16
__ B
16
__NI5
4

b. sin 0—5 :sin¢9-cos£—cos¢9-sinZ
6 6 6

G

C. CoS ¢9+Z :cosé?-cosz—sin@-sinZ
3 3 3

HOHHE
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T 42. From the solution to Problem 41, we have
- tanﬁ—tanz | \/, 2\/_
d. tan(é’——)=—n sin¢=—, cos¢=—, sinff = and
1+tan@-tan — 2 2
4 1
cos f=—. Thus,
_ \/E 1 B 3"
1+ \/E)l g(a+p)=cos(a+p)
—1-v15) (1+15 =cosa-cos f—sina-sin B
"= s =(£JH_H(_MJ
_—1-2/15-15 2 \3) \2)0 3
1-15 :ﬁ 22 _\B+2V2
_—16-2415 6 6 6
14 43. From the solution to Problem 41, we have
8+«/E
\f —2f
7 sinad=—, cosa = inff=——,and
2 2
41. «liesin quadrantI. Since x* +y* =4, cosﬂ—l Thus,
3
r=x/Z=2. Now, (x,1) is on the circle, so
2 2 (0( :B) ( _:B)
x +1"=4 . .
s 4y =cosa-cos f+sina-sin
x =4-
B (1 22
4—]2:\/§ = —||=|+|=|| ——
2 N\3 2 3
Thus, sina=l=%and cosa=£=§. NG \/_ NP
r r =
[ lies in quadrant IV . Since x* +y*> =1, 6 6 6
e \/I=1. Now, [l’ yj is on the circle, o 44. From the solution to Problem 41, we have
3 1 \f —2f
) sinad=—, cosa = inff=——,and
5+ e
—| +y =1 1
3 cos f=—. Thus,
1y 3
2 _ | — .
y =1 (3) f(a-p)=sin(a-p)
=sin¢-cos f—cos & -sin
BN PO L Y R V) f ’
Y 3 9 3 _ [lj (lj _ (ﬁj(_&J
y 255 Y 2 )\ 3 2 3
Thus s1nﬂ=7= T3 and _l+2\/g_1+2\/6
1 6 6 6
cosﬂzﬁzi:l. Thus,
r 1' 3 45. From the solution to Problem 41, we have
f(a+p)=sin(a+p) o 3 __2\/— ;
=sina-cos B+cosa-sin B SIN@ =7, Cosar="—7, 81 sin ff = an
(1)1 + ﬁ __2\/5 cosﬂ—l Thus,
2 )\ 3 2 3 3
_1 2J6 _1-2J6
6 6 6
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1
na o 1 3
tanor = =—==-—=— and
an cos o ﬁ 3 3 o
2
222
tanﬂ:mnﬁ:—?’:—zﬁ. Finally,
cos B 1
3
tan o + tan §
h(a+ﬂ)=tan(a+ﬂ)=—1_tanatanﬁ
£+(—2\/§)
-3 - 7
-3 ()
3
NG
5
TR
3
_3-6v2 3-26
3+2J6 3-246

33-6v2-182+2443
© 9-6V6+6v6-24
_2\3-242 _8V2-943

-15 5

46. From the solution to Problem 45, we have
tano = ? and tan § = —2+/2 . Thus,

tan o — tan 3
1+tan ortan

h(o—p)=tan(a—f) =
$-(=)

3
1+\/3§(—2\/§)
§+2\/§
_3 3
o 2J6 3

1=2M2
3

_3+6v2 3426

- 3-2J6 3+2V6
334624182 42443
946663624
27342402 824943

-15 5

47.

48.

49.

50.

51.

52.

53.

54.

5S.

Section 7.5: Sum and Difference Formulas

sin E+¢9 :sinE-cos¢9+cosE-Sin¢9
2 2 2

=1-cos@+0-siné

=cosé@

cos E-H9 :cosf-cosﬁ—sinﬁ-sinﬁ
2 2 2

=0-cos@—1-siné

=—sin@

sin(n—6)=sinm-cos @ —cosm-sin &
=0-cos@—(-1)sin@

=sin@

cos(m—8) =cosT-cos@+sinT-sin
=—1-cos@+0-sin&
=—cosfd

sin(m+6)=sin®-cos@+cosm-sin @
=0-cos@+(—1)sin&

=-—siné

cos(m+6)=cosm-cos@—sinT-sin @
=—1-cos@—0-sin@

=—cosf

tan T—tan 8
l+tanm-tan @
_ O-tan@

" 1+0-tan@

_ —tané
1

=—tan @

tan(n—0) =

tan 21— tan @
1+tan 27w tan &
_ O-tan@
" 1+0-tan@
_ —tand
1
=—tanf

tan (2n—6) =

sin 3—Tc+€ = sin3—n-cos¢9+cos3—n-sin¢9
2 2 2

=—1-cos@+0-sind

=—cosf
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sin(la+ ) _sinocos f+cosasin B

sin(ar — f3) ~sin o cos f—cosasin

=0-cos@—(-1)-siné sinzcos f+cosasin B
=siné _ cosorcos 3

sina cos f—cosarsin

56. cos 3—n+¢9 :cos3—n-cos€—sin3—n-sin¢9
2 2 2

57. sin(a+ f)+sin(a— )

coscos 3
=sin@cos f+cosasin sincrcos B cosasin B
+sinarcos f—cosarsin cosacos S cosacosf
=2sinacos S - sincrcos B cosasin B
cosocos 3 "~ cos ocos B
58. cos(er+ f)+cos(x— ) tan &+ tan 3
=cosocos f—sinasin " tana—tan
+cosacos f+sinasin
=2cosacos 3 64. cos(ax+ f) _ cosacos f—sinasin S
cos(x— ) cosocos +sinasin
50, sin(a + ) _ sinrcos ff+cos arsin cos arcos f—sin arsin B
sinarcos sina cos 3 cosacos B
_ sincos 8 | cos asin ~ cosacos B+sinasin
sinacos B sinacos cosecos 3
=1+cotatan cosacos §sinasin B
cosacos S cosacosf
60. sin(a+ f) _ sin &z cos f+cos arsin 3 ~ cos ocos B sinasin
cosarcos 3 cosarcos 3 cosarcos f cosccos B
_ sinacos N cosasin _ I—tan rtan B
cosacos S cosacos 1+tanrtan S
=tan o + tan 3
65. cot(a+p) =w
6L, cos(a+ f3) _ cosacos f—sinasin B sin(a + )
cosacos 3 cosacos 3 _ cosocos f—sinasin f8
_cosocos B sinasin ~ sinacos S+ cos asin 8
_cosacosﬂ_cosacosﬂ cosxcos f—sin asin
=1—-tanatan § _ sinasin
sin &z cos B+ cosarsin B
62. cos(a— /) _ cosacos B +sinasin sinasin S
sinacos sinacos B cosacos §sinasin 8
_cosarcos B sinarsin 8 _sinasin 8 sinasin f
sinacos B sinarcos 8 - sinacosﬂ_l_cosasinﬂ
= cot &+ tan 8 sinasin f sinasin
_cotacot f-1
 cot B+cotar
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_ v _cos(a—f)
66. cot(ax—pf) = —sin(a 5

_ cosacos f+sinasin f

sinocos f—cosasin

cosrcos f+sinasin
sinasin

~sin ocos f—cosasin

sinasin S
cosacos N sinasin 8

_ sinasin 8 sinasin
sinazcos f cosarsin §

singsin f sinasin
_cotacot f+1
cot f—cota

1
cos(a+ f3)
~ 1
~ cosacos f—sin asin B
1
sinasin
cosrcos ff—sinasin
sin asin
1 1
sine sin Yi]
cosarcos B sinarsin B
sinasin f sinasin 8

67. sec(a+p)=

_ cscacscf
cotacot f—1

1
cos(a—f3)
~ 1
cosarcos f+sinasin B
1

cosxcos
cosacos f+sinasin 8

68. sec(a—p)=

cosacos 3
1 1
cose cos fB

cosacos S sinasin

cosacos f cosacosf
_ secasec B
1+ tan oz tan S

69.

70.

71.

72.

73.

74.

75.

Section 7.5: Sum and Difference Formulas

sin(a — f)sin(a + )

= (sinarcos f—cosarsin B)(sincrcos B+ cos arsin )

=sin’ @cos’ f—cos’ asin’ 3
=sin” a(1-sin* B) — (1—sin’ @)sin* B
=sin® o —sin” asin® f —sin® B +sin’ arsin® B

=sin’ a—sin* B

cos(ax— f)cos(ax + )

= (cosacos ff+sinasin B)(cosarcos f —sinarsin )

=cos” acos’ B—sin’ arsin’ B
=cos” ar(1 —sin” B) — (1—-cos” a¥)sin’
= cos’ & —cos’ aesin® B—sin® B+ cos” asin®
=cos’ a—sin*
sin(@ +km) =sin @-coskm+cos @ -sinkm
= (sin 8)(—=1)* + (cos 8)(0)
=(-1)"sin@, k any integer

cos(@+km) =cos@-coskm—sin@-sinkm
= (cos @) (—1)* —(sin 8)(0)
=(=1)" cos @, k any integer

(.1 4 . (r 7
sin| sin. —+cos” 0 |=sin| —+—
2 6 2

) (275)

=sin| —

3

N 1( 4}
sin| sin” =—cos™ | ——
5 5

Let a:sin'lg and f=cos™ (—%j o isin

Copyright © 2013 Pearson Education, Inc.



Chapter 7: Analytic Trigonometry

76.

quadrant I; £ is in quadrant II. Then sino = %,

OSaSE,andcosﬂ:—i,zsﬂsn_
2 5
cosax = 1 sin” &
e
sin 3 = y/1—cos’
sin| sin l——cos '[——j =sin(a—-
{ e (2]} oto-n

=sinacos f—cosasin

G

12 12

. .1( 4} 43
sin| sin —— |—tan —
5 4

Let o =sin”' [—%) and ,B:tan"%. o isin
quadrant IV; f is in quadrant I. Then

sina=—i,—ESaSO,andtanﬂ=§,
5 2 4
T
0<f<—.
P 2
cosa = 1 sin* &
sec B=+/1+tan” B
2
4 V' 16 V16 4

4
COS =—
p 5

71.

sin B =+/1-cos’
_ /1_[i)2 _ 1o [ 3
5 25 25
. { _1( 4) _13}
sin| sin | —— |—tan  —
5 4

=sin(a - f)

=sinacos f—cosasin

GG 66

cos [tan'1 4 +cos™ ij
3 13

Let a:tan"li and ﬂ:cos"i. o isin
3 13

. 4
quadrant I, £ isin quadrant I. Then tan ¢ = 3

0<a<§ andcos,B—S3 0<p<

le\

T

seca =V1+tan’ @

“ef5)

ﬁ

W | W

25
9
3
cosor =—
5

‘/1+—
sina =+/1-cos” &
sin 3 =+/1—cos’

awaw
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cos (tan' %+ cos™ %) quadrant I; 8 isin quadrant I. Then sina = % ,

= cos(ar+ f3) OSaSE,and tanﬂzé,0<ﬂ<£.
=cosacos f—sinarsin § 2 4 2

:[Ej[ij_(ijﬂﬁj cosa =+/1—sin® a
5)\13 5)\13
15 48 33 Y I L
— = 13 169 169
65 65 65
s 3 sec B =+/1+tan* B
. cos{tan"'——sin"l (——H 2
12 5 _ IH[EJ 2o B3
5 3 4 16 \16 4
Let a=tan"'— and B=sin"'|-=|. « isin
12 5 4
quadrant I, # isin quadrant IV. Then cosﬂzg
5 b . 3
tana=E,0<a<E,and smﬂ:—g, sinﬂ:m
2
—£<a<0. = F(f) = 1_E: i:_
2 5) N 25 V25
seco = 1+tan o 5 3
cos [sin1 — —tan™ —}

1+i [,25 _ 1o _13 13 4
2 T4 Vg4 =cos(a—f)

=cosacos f+sinasin
COS“:T 124 53

135 135
sina = 1 cos’ o 48 15

12 _ [y 144 _ [25 5 “65 65
13 169 V169 13 _63

65
cos B =+/1—sin’

4 12
80. cos| tan' —+cos™' =
/ _ __ T / 6 _4 ( 3 13)

4 12 ..
Let a=tan”'— and f=cos”' — . & isin
-1 1 3 13
cos| tan ——sm -
12 5

. 4
quadrant I, £ isin quadrant I. Then tan o = 3

=cos(a—f)

=cosacos f+sinasin T 12 L
= O<a<—,and cosff=—, 0 f<—.
WEHEIE55 e

5 3 5 5
cos (sin"l — —tan™ —j
13 4

Let a:sin'l% and ﬂ:tan”%. o isin cosot——
5
693
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. a3 V4
sina = 1 cos’ & tan(sm ‘g}rtang

tan sin'lg—i-z =
/ / /64 56_1 [.13j z
—tan| sin” = |-tan—
5 6

3
sin B =+/1—cos” 3 1

V3
3
12 144 _ (25 _ 1_§.£
=y/1- =g =\ =12 4 3
13 169 V169
+3

9
cos(tan l%-f-COS 13) =ﬁ
=cos(a+f) 12

9+\/§ 12+3x/§

=cosacos f—sinasin = .
12-33 124343

Qe s

3620 144:/2_7
65 65 _144+75v3
16 117
T _48+25\3
39
81. tan(sin"1§+£) 3
> 6 82. tan(z—cos'1 —j
. 13 .. 4 5
Let ¢=sin" — . « isinquadrantI. Then 3
Let @ =cos™ = . « isin quadrantI. Then
. 3 V4
sina=—, 0<a<—. 3 z
5 2 cosa=g, OSaSE
cosa =+/1—sin” o
sinar =+/1-cos”
- 1_[2) - o2 jle_4 ;
5 25 V25 5 _ 1_(2) _ oo _ |16 _4
5 25 25 5
3
cose 4 54 4 tan o = na _s5_45_4
5 cose 3 53 3
5

T 43
tan——tan| cos —
[ﬂ 4 3) 4 5
tan| ——cos — |=
4 5

T 43
1+tan—-tan| cos™ —
4 5
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83.

84.

tan (sin1 ;—F cos™ 1)

., 4 _ .
Let & =sin 'g and B=cos'l; & isin

3

quadrant I. Then sin«& :% ,0<a<—,and

[\

cosB=1,0<B<rx. So, B=cos'1=0.

cosa =+1—sin’ @

2
_ 1{&) B )
5 5 25 5
4
ina 5 45 4
tanx = =S =——=—
cose 3 53 3
5

tan [sinl i —cos™ lj
5

tan| sin™' 4 +tan (cos’l 1)
5

1—tan sin"li -tan(cos"l 1)
5

4 . _
tan(cos"'—+s1n 11)
5
_14 P | ..
Let o =cos 3 and f=sin"1; ¢ isin
4 V.4
quadrant I. Then cosa=g, 0< aSE,and

sinf=1, —

N

V4 ., T
<B<—. So, f=sin" 1=—
P 2 p 2

sin@ =v1-cos’ &

2
_ I_FJ _ e [0 3
5 25 \25 5

sin @
tano = =
cosox

| W
I
AW

T
, but tan— 1is
2

wn A w

undefined. Therefore, we cannot use the sum
formula for tangent. Rewriting using sine and

cosine, we obtain:

85.

86.

Section 7.5: Sum and Difference Formulas

44 .
cos”' —+sin”'1

sin(
tan [cos'1 %+sin'l lj = ( >

tan| cos™ f+sin"1 lj
5

_sin(a+f)

B cos(a+ f)

_ sinacos B+cosasin

cosrcos f—sinasin
3 4
_ (5) 0)+ (5] @)
4 3
(5) - [5) ey

cos(cos"l u+sin™ v)
Let =cos'u and B =sin""v.
Then cosa=u, 0<a<m, and
: T T
sinp=v,——<pH<—

P 2 P 2
—1<u<l, -1<v<1
sinoazx/l—coszwzx/l—u2
cos B=+/1-sin’ B =+1-1°

cos (cos’l u+sin™' v) =cos(a+ ff)

=cosacos f—sinasin

=uN1-v* —wl-u’
. . -1 -1
s1n(sm u—Ccos v)
Let @=sin"'u and f=cos”' v. Then
. T T
sin =u, ——<a<—,and
2 2

cosf=v,0<fB<m.
—1<u<l, -1<v<1
cosa:\/l—sinzazx/l—u2
sin 8 =+/1—cos B =1-1

sin(sin’1 u—cos™ v) =sin(ax— ff)

=sinacos f—cosasin

=y —\1-u?V1-1?
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87. sin(tan’lu—sin’1 v) sinar=+1-cos’ o
Let =tan"'u and B =sin"'v. Then _ - 1
T T u2+1
tan=u, ——<a<—,and
2 2 Ut +1-1
sinﬂ=v,—££ﬂ££. u’+1
2 2 2
—co <y <oo, —1<y<1 - |
u?+1
seca:\/tan2a+1:\/u2+l u
1 u’+1
Cos @ = —=
w1 sec B=+/tan® f+1 =7 +1
cos,B:\/l—sinzﬂ:\/l—v2 1
cos = -
sina =+1-cos* & v+l
_ ot sin B =+/1-cos” B
M2+1 1
u +1-1 - 1_vz+1
2
u- +1 B vi+1-1
= u2 B V2+1
2
u- +1 _ v
= u V2+1
\/I/t2+1 Vv
sin (tan’1 u—sin™' v) v+l
=sin(er— f) cos(tan"l u+tan™ v)
=sinacos f—cos asin B = cos(ar+ 3)
1=y - ! o =cosacos f—sinasin
2

Nu® +1 u’+1 1 1 u v
NI=v? =y \/u2+1 \/v2+1 \/u2+1 \/v2+1

u?+1 1-uy

B Vu? +1-v? +1

89. tan (sin"l u—cos™ v)

<

88. cos (tan’1 u+tan™ v)

Let a=tan"'u and S=tan"'v. Then
x i Let @ =sin"'u and f=cos™' v. Then

tana=u, ——<a<—,and
2 2

. T T
sind=u, ——<a<—,and
2 2

T T
tanﬂ=v,—5<ﬂ<5. cosf=v,0<B<m.
—co LY Lo, —oo <L P <L oo —ISuSl,—ISvSI
secar =tan> a+1=vu® +1 cos @ =\/1-sin’ & = /11>
ina u
cosa = tano = =
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sinﬂ:\/l—coszﬂ =1-v?

. 1— 2
an B = sin 4 _ v
cos 8 v
tan (sin'1 u—cos™ v) = tan(a — ff)
_ tana—tan B
1+ tan v tan
u _\ll—v2
_ N1-u? 4
T 1-v?
1-u® v

uv—m 1-v*
oW

- V\/l—u2 +u\/l—v2
wi-u®

w—1-w> 1=

- V\/l—u2 +u\/1—v2

91.

90. sec(tan’1 u+cos™ v)

Let @=tan"'u and S=cos”' v. Then

B T
tan=u, ——<a<—,and
2 2

cosf=v,0<fB<m.

—o <Y <o, —1<y<1

seca =~tan? o +1=u> +1

cosox =

sinﬂ:\/l—coszﬂ =1-v?

697

Section 7.5: Sum and Difference Formulas

sec ( tan™ u +cos™! v)

=sec(a+ )

_ 1

- cos(ax+ f3)

B 1

~ cosacos 3 —sinasin B
1

T u

NIEST

= .
\/u2+1 \/u2+1

1
uN1-v2
Vu? +1

y
Vu? +1
1

sinf—~3cosf=1
Divide each side by 2:

NG 1

—sin@———cos@ =—
2 2

2
Rewrite in the difference of two angles form
1 3 T
using cosgp=—, sing=—/_,and ¢g=—:
g cosgp=> 9= 9 3
sin @ cos ¢ —cos fsin ¢ =%
sin(6—¢) = 1
2
T Sm
0-¢p=— or O-¢p=—
? 6 ¢ 6
PRI _m_5m
3 6 3 6
g=" g=1"
2 6

. .|
The solution set is {5,

i
)
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92. 3sin@+cosf=1
Divide each side by 2:

B

—sinHJrlcosH=l
2 2 2

Rewrite in the sum of two angles form using

3 1
cosp=—_, sing=—,and ¢=—
9= sing=—.and ¢
sin600s¢+cos¢9sin¢)=%
sin(6’+¢))—l
2
49+¢)—E or 6+¢)—5—7t
6 6
T = 51t
0+=== or O+=="—
6 6 6
=0 or H:E
3
The solution set is {0, 2?7[}

93. sinf+cosf =12
Divide each side by V2!

1 1
—sinf@+—=cosf =1
V2 V2

Rewrite in the sum of two angles form using

. 1 i
cosp=—=, sing=—=,and ¢ =
2

V2

Z :

sin@cos@+cosfsing =1
sin(@+¢) =1

T

O+p=—

¢ 2

g+==C

4 2

o==

4

The solution set is {

&N
—

94. sin@—cosf=—2
Divide each side by V2

1 1
—sinf@——=cosf =-1
V2 N2

Rewrite in the sum of two angles form using

1 1 B
cosp=—, sing=—=,and ¢g=—:
V2 V2 4
sin@cos@—singcosd =—1
sin(@—¢) =—1
3n
0—p=—
¢ 2
g_T_3T
4 2
g=1"
4
The solution set is {T} .
95. tam9+\/§ =secH
s1n€+\/—= 1
cos @ cos@

sin€+x/§cos¢9:1

sin@++/3cos@ =1
Divide each side by 2:

lsin 6+£cos6 = 1
2 2
Rewrite in the difference of two angles form

1 \/5 T
using cos¢p=—, sing=——/,and ¢g=—:
g cos¢ > ¢ 5 ¢ 3

sinﬁcos¢+cos€sin¢:%

sin(¢9+¢)—l

2
9+¢—£ or 9+¢—5—n
6 6
n_5m
9+£:£ 04r—=—
3 6 6
T

6 6

. T . . .
But since 3 is not in the domain of the tangent

function then the solution set is {%} .
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96.

97.

cot€+csc€:—\/§

cos@ 1
PR
sin@ siné

cos@+1=—/3sind

V3sin@+cosh=—1
Divide each side by 2:
ﬁsin 6+lcos6 = 1
2 2
Rewrite in the sum of two angles form using

\/g 1 T

cosp=—_, sing=—,and g=—:

¢ 5 o 5 P -
sinﬂcos¢)+cosﬁsin¢=—%

sin(@+¢) = —%

T 11m
0+p=— or O+¢p=—
¢ 6 ¢ 6
6 E=7_TC 9+E=E
6 6
O=m or H:S—E
3

But since 7 is not in the domain of the
cotangent function then the solution set is

i

Let o =sin""

v and f=cos”' v. Then

sina =v=cos f#, and since
sinor = cos| ~—ar , COS T o =cos . If
2 2
b T
v 20, then OSaSE, so that (E—aj and S
both lie in the interval {o,ﬂ . If v<0, then
T v .
5 <a<0, so that [5—0() and S both lie in
. T .
the interval [E,TE:I . Either way,
cos(g—aj =cos f implies g—a =f,or

b .- - T
a+ﬂ:E. Thus, sin™' v+ cos 'sz.

98.

99.

100.

Section 7.5: Sum and Difference Formulas

Let a=tan"'v and f=cot™'v. Then
tana =v =cot f, and since

tano = cot(ﬂ—aj , cot[ﬁ—aj =cotf. If
2 2
T i
v =0, then OSa<§, so that (E—aj and f3
both lie in the interval (O,g} . If v<O0, then
i T ..
> <o <0, so that (E—aj and S both lie in
. T .
the interval (E,Tc) . Either way,
cot(g—aj =cot £ implies g—a =/f,or

n _ ) n
0{+ﬂ=5.Thus, tan™' v+ cot 1v=5. Note

that v# 0 since cot™ 0 is undefined.

Let o =tan™ (lj and B=tan"'v. Because 1
v v

must be defined, v#0 and so a, f#0. Then

1
tanay=—=
v tanf

T T
taner=cot| ——¢ |, cot| ——a |=cot .

Because v>0, O<a<§ and so (g—aj and

=cot S, and since

B both lie in the interval (0,%). Then

cot(%—a)=cotﬂ implies g—a=ﬂ or

T
o=——[. Thus,
3 b

tan™! (lJ zg— tan"'v,ifv>0.
v

Let #=tan 'e’. Then tanf@=e", so

1 3
cotd=—=¢". Because 0< ¢9<E , we know
e

that ¢ > 0, which means

cot e’ =cot™! (cot 9) =@=tan'e".
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Chapter 7: Analytic Trigonometry

101. sin(sin’1 v+cos™! v) 104, LEED-F)
h
:sin(sin’1 v)cos(cos’1 v) cos(x+h)—cos x
h

+cos(sin’1 v)sin(cos’1 v) . .
coS xcos h—sin xsin sz —cos x

=v-v+\/1—v2\/1—v2 B h

—sin xsin 4+ cos xcos h—cos x
h
—sinxsinh—cosx(1—cosh)
h

=v+1-1? =
=1

102. cos (sin_1 v+cos™! v)
1—cosh

. si
-1 -1 =-=Smnx-
=CoS{sm v)CoS(COoS Vv

—sin (sin_1 v) sin (cos_1 v)

=J1=v v—v-/1-v?
=0

fx+h)—fx)

103.
h
_ sin(x+h)—sin x
- h
__sinxcos h+cos xsin h—sin x
- h
_cos xsinh—sin x+sin xcos h
- h
cos xsin h—sinx(1—cosh)
- h

1—cosh

sinh
=CoSx- —sin x

tan (tan’1 1+tan™ 2) + tan (tan’1 3)

105. a. tan (tan_l 1+tan™' 2+tan™ 3) = tan ((tan_l 1+ tan™' 2) +tan”! 3) = | —tan (tan—l 1+ tan~! 2) tan (tan_l 3)

tan (tan"l 1) + tan (tan"l 2)

+3 1+2 3

l—tan(tan"ll)tan(tan"IZ) 1_1.2+3 j1+3 343 0
_1_ tan(tan’11)+tan(tan’12) .3_1_11_‘:.22,3_1_%.3_ 149 10

1- tan(tan’1 1) tan (tan’1 2)

. . . _ T _ T
b. From the definition of the inverse tangent function we know 0 < tan < E , O<tan < E , and

O<tan'3< % . Thus, 0< tan'1+tan' 2+tan' 3 < 37” . On the interval (O,%rj , tan@ =0 if and only if

0 = . Therefore, from part (a), tan”' 1+tan”' 2+ tan"'3=17 .

700
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106.

107.

108.

109.

Section 7.5: Sum and Difference Formulas

cos ¢sin’ (a)t)—sin¢sin(a)t)cos(a)t) = sin((w)(cos¢sin(a)t)—sin ¢cos(a)t))
= sin(wt)(sin(wt)cos¢—cos(a)z)sin ¢)
= sin((w)sin(a)t—¢)

Note that 8 =6, -6, .

tan 6, —tan 6, _my—m,
I+tan @, tanf, 1+m,m,

Then tan 6 =tan (6, —6,) =

sin(ar — @)sin(B — @) sin(y — )
=(sinacos@ —cosarsin8)(sin Scos @ —cos Bsin ) (sin ycos @ —cos ysin 6)

=siné sina(césej—cosa sin@ sinﬂ(c?sej—cosﬁ sin@ sin}/(c?—sej—cosy
sin@ sin@ sin@

—sin’d Sina(c?sé’_c?saj sin B C?Se cos 8 siny Cf)SQ_Cf)S}/
sinf  sino sin@ sinf sinf siny

=sin’ §(sin &z(cot@ — cotr))(sin B(cot—cot B))(sin y(cot 6 — cot 7))

=sin’ @sinarsin Ssin y(cot S+ cot y)(cotar + cot y) (coter + cot )

— sin’ Bsin arsin Bsin ] cos,b’ cosy |( coser  cosy cosa+cosﬂ
sin ,B siny )\ sina  siny )\ sina  sinf
=sin’ @sinasin Bsin ¥ sin(y + ) | sin(y +a) [ sin(+ )
sin Asin y )\ sinasiny )\ sinasin 5
—in® Osinarsin Bsin y sin(180°— sin(180°— /) \( sin(180°— y)
sin ,Bsm ¥ sinasiny sinasin
=sin’ @sin asin Bsin 7/[ sin j{ s ’B j{ s 7 j
sin Bsiny )\ sinasiny )\ sinasin
=sin’@
If taner = x+1 and tan f=x—1, then 110. The first step in the derivation,
1 tan 6 + tanE
2cot(—f)=2-————
cot(e =) tan (o — f3) tan(é’ + Ej =— 2 isimpossible
) 2 1—tan@-tan 5
" Tana— tan
T . .
1+ tanortan because tanE is undefined.
_2(1+tanartan f)
~ tana—tanf8 111. If formula (7) is used, we obtain
(1 (x 1) (x-1)) . tan~ — tan 6
B x+1—-(x-1) tan[——6j=2—. However, this is

T
_2(1+(x2—1)) 1+tan5-tan6
C x+l-x+1

, impossible because tang is undefined. Using
2x
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Chapter 7: Analytic Trigonometry

formulas (3a) and (3b), we obtain 0 [+cos®
- d. cos—=
. sin (2 - 9) 2 2
tan(——ﬁ):—. 1+ 9
2 cos[g—ﬁ) —4|—3 = %z 2=i@=3_1

2 10 10 v10 10
_cosf
sin @ e. tan(20)= _2tanf
=coté 1—-tan* @
2(3) 33
__\4) 2 _2_ 2
. 3 .9 T 7
Section 7.6 1—[4) 6 16
2 2 e 2
L. sin®6, 2cos” 6, 2sin” & f. The angle is in QI so
2. 1-cos@ [ ) /1 cosf  [1-3
tan
l+cosf 1+
3. siné@
s 1 1
4. True - g_ 9 3
5. False, only the first one is equivalent. 3 g
8. cosf== 0<¢9<— Thus, O<—<— which
6. False, you cannot add the arguments or tan. 5 2 2 4
e . .
3 P means — lies in quadrant I.
7. sinf@=-=, O<€<— Thus, 0<— < , wWhich 2
5 2 2 4 x=3,r=5
g .. . 2, 2 _ g2
means E lies in quadrant I. 3+y =5, y>0
y=3, r=5 y?=25-9=16, y>0
¥ +3 =5, x>0 y=4
x2=25-9=16, x>0 So, sin6=iand tan6=i.
5 3
x=4 43 24
So, cosﬁ:% and tan@ == a. sin(26)=2sinfcosf = gg:2—5
b. 26) = cos’ @ —sin” @
a. sin(26)=2sinfcosf = ZEEZE cos(26) = cos o
55 25 (3)2 (4)2 9 16 7
b. cos(26) =cos’ 8—sin’ & 5 5 25 25 25
EN S EN S U R
5) \s) 25 25 25 “
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Section 7.6: Double-angle and Half-angle Formulas

d COSQ: /1+cos€ d o 1+cos@
2 2 2

1+§ 8
s s Ao 25 25
2 2 V5 55 5
e. tan(20)= 2tan;9 :_Lﬁz__s
1-tan” 6 NG 5
2[4j 8 8
3 3 3 24 2tan 6
= = S e. tan(20)=———7
1—(4)2 167 7 (26) 1-tan” @
3 >0 2(4) 8 8
is __\3) _ 3 _3__24
f. The angle is in QI so nt : 16 7 7
_ _3 1-| — % o
tan(gj:ﬁlﬂ: 175 [3j ? ?
2 l+cos@ \1+12
B \/T 1 f. The angle is in QII so
5
Jg 472 tan[g)z_/l cosd __[1-(=3)
2 1+cos@ 1+(-2)
9. tanezi, n<€<3—n.Thus,E<Q<3—Tc, %
9 g
which means 2 lies in quadrant II.
x=-3, y=—4 10. tno="L. n<o<>T Thus, T<23T
2 2 2 4
P =(=3)+(-4? =9+16=25 which means g lie in quadrant II.
r=> x=-2, y=-1
sinﬁz—%, cosBz—%, tan@zg =2 +(=1)?=4+1=5
a. sin(26)=2sinfcos b r=vs
. 15 2 25
Lo (LA (3 R
5 5) 25
tan¢9—l
b. cos(26) =cos* 8 —sin’ 6 )
4V 9 16 7 a. sin(2¢)=2sinfcos b
_Fj T25 25 25 (5[ 25 4
5 5 5
¢ b. cos(26) =cos’* —sin’ @
2B) (5
5 5
205 153
25 25 25 5
_25_ 25
5+/5 5
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x=—/6, r=3
2 2 _ A2
c. (_\/6) +y =3
y*=9-6=3
y=

V2

sin6=? and tanf@ =—

10 a. sin(26)=2sinfcosf

1+(_2‘/§j ﬂ{?]'[_%j
d. cosg=— /1+cos¢9 __
2

5
2 2 _ 2218 62 22
9 9 3
5-2J5
_ 5 b. cos(26) =cos’* —sin’

2
_[5-245

10

2tan @
e. tan(20)=
( ) 1—tan’ @

f. The angle is in QII so

o 1—cosé@
tan| — =—/ =—
(2} 1+cosé

_ 5 5425 d
=& =-
E2 o \s-25

~ [25+20J5+20 __J45+20\/§

which means % lies in quadrant 1.
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2tan @
1—tan> @
2(_ﬁ]
2 _

e. tan(20)=

f. The angle is in QI so

o l1-cosf _
tan /
(2} 1+cos6

[ 1+cosé
d. cos—:—,/ =
2 2

154+ 66
= \/_: 5+246 2tan @
3 e. tan(20) :
1-tan” @
2
V3 3n 3n_6 27 5 &
12. sinf=-"2, Z=<@<2n. Thus, —<—<T, _ _N2__ N2, h
2 4 2 2 1 1
6 2] S
which means 2 lies in quadrant II. 2 2
y=—3,r=3 f.  The angle is in QII so
2
2 —
* +(_\/§) =3 [0) [1-cos® _
tan =- -
X' =9-3=6 1+cos®
x=+6 -
0056=T6 and tan6=—£ 3+J— 3+
3-v6 ] (3-
a. sin(2¢)=2sinfcos b \/( \/_ (
(-2)(% (6] -
3 )03 \/9 63/6+6 _
218 62 22 9-6
9 9 3 5-2J6
b. cos(26) =cos’* §—sin’ 6
=[£]2_[_£]2 13. secd=3, sind>0,so 0<6<E Thus,
3 3
0<Q<E,which means 9 lies in quadrant 1.
_6. 3. 3_1 2 4 2
9 9 9 3

705
Copyright © 2013 Pearson Education, Inc.



Chapter 7: Analytic Trigonometry

2
Cosgzé’le,_& ¥+ =(+5)
12+y2=32 x2=5—1:4
y'=9-1=8 x=—2\/_
y=\/§=2x/§ cos¢9:_—2:—£ and tanle
J5 5 2
sin@ = and tan @ =22 a. sin(26) =2sin@cos b
5[ 245) 4
a. sin(26’)=2sin6cos6’=2~£~l=M _2.[_? 5] 5
3 3 9
b. cos(26) =cos’* §—sin’ 6 b. cos(26) =cos’> @—sin” @
2 2
@ (3 53 -5 -3
3 3 9 9 9 5 3
_20_ 5 153
¢ sinf- /1_“’5‘9 25 25 25 5
2 2
c.
d. 5
V2
_ 5+245
10
e. tan(20) 2tani9
1—tan~ @ d

f. The angle is in QI so

tan(gj: /l—cosé’: 1-(4) " 10
2 1+cos® 1+(§)

1 2 e. tan(26)=2ta—nf’
= 527 1—tan” @

1
pPYey

1

14. csc@=—5, cos8<0,so0 n<¢9<37n. Thus, (ljz | 1 3
-1 - 2

n_6 3n 0 2 4 4

— < —<—, which means — lies in quadrant II.
2 2 4 2

-1 45
sinf=—==-2 =45, y=-1
N
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Section 7.6: Double-angle and Half-angle Formulas

f. The angle is in QII so

o /1+cos49
d. cos—= =
2 2

15. cot@=—-2, sec<0, 5o §<9<n. Thus,

T 0 mw 0 2tan @
— < — < —, which means — lies in quadrant I. = -
1557 > q e. tan(20) Cen’o
x=-2, y=1 1
P=(=2Y+1=4+1=5 ~ 2(_2j -1 1 4
r=+5 (Y b3
) 4 4
. 1 5
SIHQZTZ?,
5 f. The angle is in QI so
cos&—_—z——z—\/g tané’——l
\/g 5 ) tan Q _ /1 cosf
) ) 2 1+cosf
a. sin(26)=2sinfcosb
=2. \/_ . 2\/_ = &Z_i ~ «/_+2 5+2
5 5 25 5 B f \/g
5
b. cos(26) =cos’ @ —sin’ @ (5+2\/§ 5+2\/§)
2 2 =
=[_£] _ _5J (5-2v5 5+2J§)
5 5
20 5 153 =\/25+40\E+20 \/45+40«E
g 25-20 5
—J9+445
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16. secd=2, cscd<0,so 377[<6<2ﬂ'. Thus,

37” < 5 < 7, which means 9 lies in quadrant

1L

sin@ = Y and tan @ =—/3
a. sin(2¢)=2sinfcosb

=(5)(—

b. cos(26) =cos* 8—sin’ 6

d.

e tan(29)=1222206
_ 2(_\/5) _—2\/52\/5
-(—3) 13

f. The angle is in QII so

(Gj [1-cos @ 1-(4)
tan| — |=— =—
2 1+cosé 1+(%)

708

17. tanf@=-3, sin@<0, so 3'7n<6’<21'c. Thus,

3—n<—<TE,WhiCh means 9 lies in quadrant II.

4 2 2

x=1, y=-3

rP=1"+(-3=1+9=10

r=+10

ingo 3o 3o o1 10
Jio 107 Jio 10

tan@ =-3

a. sin(260)=2sin@cosd

=2.(_@M@J

10 /10
_6_3
105

b. cos(26) =cos’* —sin’ 6

(Vo) ([ 3i0Y
10 10
10 90 _ 80 _ 4

T100 100 100 S

2
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Section 7.6: Double-angle and Half-angle Formulas

J10 a. sin(260)=2sin@cosd
I+—
d. cosg=—4/1+cose =— 10 =9. ‘/1_ 3\/_ £=§
2 2 2 10 10 ) 10 5
10++/10 5 .
10 b. cos(26)=cos” 8—sin" @
==\ 5 2
2 (30} ( Jio
_ 104410 10 10
20 _%0 _10 _380 _4
1 [10++/10 100 100 100 5
-2V s
e. tan(20) 2tan26 c.
1—tan” @
_2(8) _6_ 6_3 10+3JE
1-(=3)° 1-9 -8 4 -
f. The angle is in QII so 10+3m

o 1—cosé@
tan| — =—/ =
(2} 1+cosé

J (o
J_+1 0++/10
(10-+10) (10-+10) d.
10+J—( o)
\jloo 20J10+10 _ Jno-zox/ﬁ
100—10 90
_ N11-2410
3

18. cot@ =3, cos@ <0, so 7z<6<3?n. Thus,

e. tan(20) 2tan6
£<Q<3_n which means Q is in quadrant II. 1-tan” 6
22 4 2 2
—_ _— 2 3 EY
x=-3, y=-1 _ (3) _3_3
r’=(=3+(-1)>=9+1=10 _1 1 2_§_4
r=4/10 REU
sinH——L —@
Jio 10
C()Sez—iz—3—\/E and tan9=l
J1o 3
709
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f. The angle is in QII so

(9)_ [1-cos@ _ 1_(_ﬁ)
tan| — |=— =—
2 1+cos@ 1+(_i

7)
J_+3 \/10+3J_
J_ 3 \V10-310

10+3J_ 1o+3\/ﬁ)
10 3J_ 1o+3\/ﬁ)

J100+60J_+90 \/190+60\/ﬁ

100-90 10

_J19+6J10

19. sin22.5°:sin(45 )

2

_ /1 cos45°

20. c0522.5°:c0s(45 )

2
/1+cos45°
2
V2
3 1+7 \/2+f J2+42
2 4 2

710

23. cosl65°= cos(3

=J[Z£M

i (2—\/5)2

=\2-1
~1+2

30°
2

)

1+ cos330°

2—@}
2-2

2+\/_

2443
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24. sinl195°= sin(392O j =—

1—co0s390°

Section 7.6: Double-angle and Half-angle Formulas

)
o +
5

<

[\)

+

=1
N——
/—._\

Il
e Y

[\

[\

[\
—_—
(V)
|

7

sin{“}

2
_ 1

l—cos7—7E

4

2
_ 1

2

2

2
_ 1

2-\2

4
_ 2

2-\2
=[ 2 } V22
V2-v2 ) 22
_[2v2=42 | (2442
22 242
2(2+\5)\/2—\/§
B 2
=(2+\/§)\/2—\/§

- __Jz—ﬁ _ -2
2 4 2

242

Il
R
5
~—
[\
+

[ 3n
1+cos| ——
4

[\

el
2
\/m\/Z—\/E :\/2_\/5
2 4 5
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29. 6 lies in quadrant II. Since x*+y> =5, r=4/5.
Now, the point (a, 2) is on the circle, so
a*+2° =5
a’=5-2

a=—5-2>=—/1=-1

(a is negative because @ lies in quadrant II.)

Thus, sinﬁzézizﬁ and
r \/§ 5

cosﬁzgz_—lz—ﬁ. Thus,
V5

f(26)=sin(26)=2sinfcos
(255204
s 5) 25 5

30. From the solution to Problem 29, we have

J5

sin9=£ and cos&=—?.
Thus, g (26) = cos(26) = cos® §—sin* @
(LB (245
5 5

5 20 15 3

T25 25 25 5
. . 0 .
31. Note: Since @ lies in quadrant II, E must lie in
o . -
quadrant I. Therefore, COSE is positive. From the

J5

solution to Problem 29, we have cos@ = —? .

712

32. Note: Since @ lies in quadrant II, g must lie in

33.

quadrant I. Therefore, sing is positive. From the

V5

solution to Problem 29, we have cosé = —? .

@ lies in quadrant II. Since 2+ y2 =5,r= \/5 .
Now, the point (a, 2) is on the circle, so
a’*+2> =5

a*=5-2

a=—5-2" =—/1=—1

(a is negative because @ lies in quadrant II.)

Thus, tan9:£:£:—2.
a -1
h(26) =tan(206)
_ 2tané
“1—tan’ @

_2A2) s
1-(=2) 1-4 -3 3
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34. From the solution to Problem 29, we have

sinﬁz% and 0059:—?5. Thus,

1— £
(6) 6 1-cosé 5
h| — :tan5: =

2 sin@ 25

5
5+\/§
5

25

5
_5+\/§
25
55
25 5
5545
10
\/§+1_1+«/§

2 2

35. « lies in quadrant ITI. Since x* +y* =1,

r= \/I =1. Now, the point [—i, bj is on the

circle, so

(—%)2 +b* =1
p =1_(_1)2

(b is negative because « lies in quadrant III.)

~

1
Thus, cosa=£=—4——— and
r 1
_V15
sina:2:—4:—£. Thus,
r 1 4
g (2¢) =cos(2ex) = cos® r —sin® &

(1) Vis)
4 4
115 147

16 16 16 8

Section 7.6: Double-angle and Half-angle Formulas

36. From the solution to Problem 35, we have

37.

38.

sina:—i and cosa:—l. Thus,
4 4

f(2a) =sin(2a)

=2sinxcoso
I .[_1)_3
4 4 8
Note: Since « lies in quadrant III, % must lie in

quadrant II. Therefore, sin% is positive. From

the solution to Problem 35, we have coso = —i .

Thus, f (%) = sing

2
5
_ i_\ﬁ_ /z.z_@_@
2 s V82 V\ie 4

Note: Since « lies in quadrant III, % must lie in
quadrant II. Therefore, cos% is negative. From

the solution to Problem 35, we have coso = —i .

Thus,

(ZJ-COSZ
§12 2

3
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39. From the solution to Problem 35, we have 41, sin' = (sinz 9)2

ino = —E d __ 1L Th 2

sino = 2 and cosa = e us, _[1—005(26)}
- 2

= %[1—2005(2(9) +cos’ (29)]

=E =%—%cos(29)+icos2(29)
4 1+cos (46
&) 4 2 4 2
-4 1 1 1 1
_E =Z_§COS(29)+§+§COS(49)
4 31 1
__ 5 =§—Ecos(26)+§cos(49)
Jis
_ 5 15 42. sin(46)=sin(2-26)
NENE = 2sin(26) cos(26)
:_# = 2(2sin B cos ) (1-2sin* 6)
1
Ji5 =4sin600s6’(1—2sin2 9)
3 :(cos¢9)[4sint9(l—25in2 6)}
40. « lies in quadrant ITI. Since x> +y* =1, = (cos 6)(4sin6—8sin3 6)
. 1 .
r=\/I=1. NOW, the pOlIlt (—Z,bj is on the 43. COS(SQ) :COS(2€+€)
circle, so = cos(26)cos & —sin(26)sin 6
2
(_lj +h2 =1 Z(ZCOSZ9—1)0089—28in90059sin9
) =2cos’ @ —cosf—2sin* Gcos O
1
b? :1_(_2) =2cos3¢9—c0s49—2(1—cos2 6)cos49
1Y 15 \/B =2cos’@—cos@—2cos@+2cos’ 6
b=- _(_Zj :_\/%:_T =4cos’ §—3cos @
(b is negative becausie/ﬁt lies in quadrant III.) 44. cos(449) =cos(2-249)
VIS =2co0s’*(26) -1
b 4
Thus, tanﬁz—:—:\/g. 2
a 1 =2(2cos’0-1) -1
4 =2(4cos* §—4cos” 0+1)-1
h(2e) = tan (22) - oo o8
2tan o =8cos* @—8cos’ O+2-1
Cl—tan’a =8cos* #—8cos> 8 +1

B D NN ET
_1_(\/5)2 =15 147
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45. We use the result of problem 42 to help solve

46.

this problem:
sin(50) = sin(46 + 0)

=sin(46)cos 8+ cos(46)sin &
=c0s6’(4sin¢9—831n3 9)c0s0+cos(2(26’))sin9
= cos’ §(4sin 6 —8sin’#)+(1-2sin’(26))sin 6
=(1-sin’§)(4sin6—8sin’6)
+sin9(l—2(2sin00059)2)
=4sin6—12sin’ 6+ 8sin’ @
+sin6’(1—8sin26’cos2 0)
=4sin6—12sin’ 6+ 8sin’ &
+sin @ —8sin’ (1 -sin’ 6)
=5sin@—12sin’ @ +8sin’ § —8sin’ & +8sin’ &
=16sin’ @ —20sin’ @+ 5sin
We use the results from problems 42 and 44 to

help solve this problem:
cos(56) =cos(46 +6)

= cos(46)cos @ —sin (48)sin &
:(800546—800526+1)cos€
—(cos6(4sin49—8sin3 9))sin9
=8cos’ §—8cos’ @+ cos @
—4cos@sin” @+8cosPsin* @
=8cos’ @—8cos’ §+cos b
—4cos B(1—cos” 0) +8cos (1 —cos” 6)°
=8cos’ @—8cos’ B+cos@—4cos b
+4cos’ @+8cosO(1-2cos” @ +cos” 0)
=8cos’ @—4cos’ @—3cos O
+8cos@—16cos’ B +8cos’ 8
=16co0s’ #—20cos’ @+5cos

47. cos*@—sin* 0= (cos2 6 +sin’ 6)(0052 6 —sin’ 0)

=1-cos(20)
= cos(26)
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48.

49.

50.

cos@ siné
cotf—tanf  sing
cot@+tan @ COSH+

sin @

cos @
sin @

cos @
cos* @—sin’ 0
__ sinfcos@
cos’ @+sin* @
sin @ cos @
_cos’@—sin’@  sinfcosd

sin@cosé  cos® B+sin’ 6
B cos’ §—sin’ 6

- 1

=cos(26)

1 1
tan(29) 2tan6
1-tan’ @
_1-tan’6
~ 2tané
1
eote
2
cotd
cot’ 91
__cot’ 8
2
cotd
_cot2¢9—1 cotd
T ocot’e 2
_cot’0-1
~ 2cot@

cot(20) =

1 1
tan(20) _2tan6
1-tan’ @
_1-tan’ 6
~ 2tané

11 tan’@
2\ tan@ tané

:%(cotﬁ—tan 9)

cot(20) =
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Chapter 7: Analytic Trigonometry

51. sec(26) = ! = 1 56. sin’@cos’ O = l(4 sin” @ cos” 9)
cos(26) 2cos” 6-1 4
1 1 . 2
- - =—(2sinfcos O
5 - 1 (2sinBcos )
sec’ 0 1r. 2
== 260
) . 1 [sm( )}
2—sec’ 6 1 | 1-cos(46)
sec’ 0 4 2
_ sec’ @ 1
T el :g[l—cos(4€)]
52. csc(20)= ! = 1 57 AN 1 __ 2
sin(26)  2sinfcos - see 2)7 (6 1+cosf 1+cosd
11 1 cos”| = | ——
- . 2 2
2 cos@ siné
= %sec Ocscl 58. csc? [2) = ! ! 2
2

2 : (6):1—0089:1—0059
sin’| — 5

53. cos®(2u)—sin®(2u) = cos [2(2u)] =cos(4u)

54. (4si . 59. cot’ (Kj 1
. (4sinucosu)(1—2sin" u) 2 . (v) 1—cosv
=2(2sinucosu)(1—2sin* u) 2) 1l+cosv
= 2sin 2u cos 2u _1+cosv
=sin (2-2u) 1—001”
= sin (4u) _1+secv
. 1- 1
55, cos(20) _ cos’ @—sin’ 0 sec v
1+sin(20) 1+2sin@cosd secv+1
_ (cos @ —sinB)(cos @ +sin 0) _ _secy
~ cos> @+sin’ O+2sinOcos @ secv—1
_ (cos@—sin@)(cos 6 +sin ) secv
~ (cos @+sin 8)(cos O +sin §) _secv+l secy
cos@—sin @ secv secv—1
 cos@+sinf :secv-i-l
cos@—sin & secv—1
_ sin @
cos@+sin 6
sin @
cos@ siné
_sin@ siné
cos @ + sin @
sin@ siné
_cotf-1
cot@+1
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v 1—cosv 1 cos vV
60. tan—= = - =cscv—coty

2 sinv siny sinvy

1—tan’ ¢ | 1zcosé

2 __ l+cosé
61. ,0 . l-cos@
1+tan” — 1+
2 1+cosé
1+cos@—(1—cos )

1+ cos@
1+cos@+1—cos@

1+cos@
2cos@

_1+cosd
2

1+cos@
_ 2cos@ .1+cos¢9

" 1+cos@ 2
=cosé

sin® @+ cos® @
sin @+ cos @
(siné’+cos6)(sin2 6 —sin @ cos 6 + cos’ 9)

62.

sin @+ cos @
=sin* @ —sin @cos 8+ cos* @

1

= (sin2 6+ cos? 9) 5 (2sin B cos )

1
=1-——sin (26
2sm( )

63.

cos@+sinf cosf—sinfh (COSlﬁ’JrSinﬁ’)2 —(Cosﬁ—sinﬁ)2

Section 7.6: Double-angle and Half-angle Formulas

sin(39) cos(39) _ sin(36)cos @ —cos(36)sin @

64.

cosO—sinf cosO+sinf (cos@—sin @) (cos B +sin )

sin @

cos@

sin @ cos @
_ sin(36-6)
~ sin@cos@
_ sin26
" sin@cos O
_ 2sinfcos @

sin@cos @
=2

cos® @+2cos @sin @ +sin? 9—(0052 6 —2cos@sin @ +sin? 9)

cos” @—sin* @

_cos’ @+2cos @sin §+sin” 6 —cos” 6+ 2cos Gsin @ —sin’ 6

__4cosfsinf
cos(26)

_ 2(2sin@cos )

cos(26)
_ 2sin(20)
- cos(26)
=2tan(26)

cos? @ —sin’ @
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65. tan(36)=tan(20+6)

2tan 6 tand 2tan 6+ tan @ —tan’ @
3 tan(2€)+tan¢9 _ 1—tan’@ an B 1—tan2 @ _3tan€—tan3€' 1—tan’ @ _3tan€—tan3€
I-tan(20)tang | 2tand =, 1-tan’6-2tan’ l1-tan’6 1-3tan’6  1-3tan’ 6
1-tan’ 6 1-tan’* @

66. tan@+tan(@+120°)+ tan( +240°)
tan @+ tan120° N tan @ + tan 240°
1-tan@tan120° 1-tan &tan240°

tanﬁ—x/g . tan6+x/§
l—tanﬁ(—x/g) l—tanﬁ(x/g)

. tan 6 — f tan6+f
1+\/_tan€ 1- \/_tane
_tan9(1—3tan 6)+(tanl9—\/§)(1—\/§tan6)+(tan9+\/§)(1+\/§tan9)

=tan @+

=tan @+

=tan @

1-3tan’ @
_tan@—3tan’ @+ tan @ —+/3 tan® 6 —/3 +3tan 6 + tan &+ /3 tan” §++/3 +3tan &
1-3tan’ @
_—3tan3€+9tan€
1-3tan’ @
3(3tan49—tan3 49)
1-3tan’ @
=3tan(30) (from Problem 65)
1 1
—(In|1-cos(20)|-In2) —(In|1+cos(26) |- n2)
2 2
_1 1- cosZH l In 1+cos28
2 2 2
( 1-cos(26) J [ 1+cos(26) UZJ
=ln|| —"
2
1/2 2 1/2
(sm 9| ) =1n(|cos 6| )
:1n|51n¢9| :1n|cos¢9|
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69. cos(26)+6sin’6=4
1-2sin”* 8+6sin> @ =4
4sin® =3

70.  cos(26)=2-2sin’ @
1-2sin* @=2-2sin’ 6
1=2 (not possible)
The equation has no real solution.

71. cos(26) =cos @
2cos’ @—1=cosé
2cos*@—cosf—-1=0
(2cos@+1)(cosd-1)=0
2cos@+1=0 or cos@-1=0
cosfd =1
=0

1
cosfd =——

The solution set is {O, 2?7[, 4?”}

72. sin(26) = cos 8
2sin@cos @ = cosd
2sin@cos@—cos@ =0
(cos@)(2sinf—1)=0
cosd=0 or 2sinf=1
cosf@=0 1

o 2
6

The solution set is {z, g,
6 2

Section 7.6: Double-angle and Half-angle Formulas

73. sin(26) +sin(46) =0
sin(26) +2sin(26) cos(260) =0
sin(26) (1+2co0s(260)) =0

sin(20) =0 or 1+2cos(26)=0

1
cos(20) = ——
(20) 3
20=0+2km or 20=m+2km or
0= kn 6=§+kn

20:2—;+2k7t or 29:4—;+2kn

0="1+kn o=2"1in

3 3
On the interval 0 < 8 < 27, the solution set is
{ z oz 2z 4z S 5_75}

07 - s > 7, 5 >
32 3 3 2 3

74.
cos(26) +cos(46) =0

(2cos> 6—1)+(2cos*(26)~1) =0
2cos” —1+2[cos(20)cos(26)]-1=0
2cos” 6+2(2cos’(8)~1)(2cos* () —1) -2 =0
(2cos2 (9—1)+2[4cos4 0 —4cos’ €+1J—1 =0
2cos” @—1+8cos* @—8cos’ +2—1=0
8cos*@—6cos’ =0
4cos*@—3cos’8=0
cos” 6’(4cos2 49—3) =0

cos’(@)=0 or 4cos’6-3=0

cos@=0 or cos29=i

cosﬂ=i£

2
g T3 g mSTInlin
2 2 6 6 6 6

On the interval 0 < 8 < 27, the solution set is
{z z 5z In 3w M}

b}

626 6 2 6
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75. 3—sin @ = cos(26) 78. tan(260)+2cosd =0
3—sin@=1-2sin’ @ SINGZO) L 5 059 =0
2sin® @—sin@+2=0 cos(26)
This equation is quadratic in siné . sin(26)+2cos @ cos 26 _
The discriminant is b* —4ac=1-16=-15<0. cos(26)
The equation has no real solutions. 2sin G cos B+ 2cos O(1—2sin® 6) = 0
76.  cos(20)+5cos0+3=0 2cos 0(sin6+1-2sin’ 8) =0
2cos® @—1+5c0s0+3=0 —2cos¢9(2sin2€—sin€—1)=0
2 —
2c0s” @ +5cos0+2=0 —2c0s B(2sin O+ 1)(sin@—1)=0
(2cos@+1)(cos@+2)=0 —2cosf=0 or 2sin@+1=0
2cosf@=-1 or cos@=-2 cosf =0 1
1 (not possible) sin@ =——
cosf=—— 9=E 3n
22 p_Tn lin
g=2T 4 6’ 6
33 sin@—1=0
The solution set is {2—”, 4—”} sinf =1
3 3 -
0=—
2
r Tr 3zx 1z
The soluti tis —, —, —, — .
77. (an(20)+ 2sin =0 € Solution setis {2 6 2 6 }
Sin20) | 5 sing =0 . - .
cos(26) 79. sin(2sin"l —j = sin(Z-—j =sin—=—
sin2€+25in€cos2¢9_0 2 6 32
cos26
2sin@cos @+ 2sinB(2cos* 8—-1)=0 80. Sin{zsin-lﬁ}:Sin[z.zjzsinz_ﬁzﬁ
2 3 2
2sin¢9(cos¢9+2c0526—1):0
25in6(200526+cos9—1)=0 81 cos[Zsin' Ejzl—Zsinz(sin' E)
2sin B(2cos @—1)(cos@+1) =0 5 >
2
2cos@—-1=0 or 2sinf=0 or :1_2(2)
1 sind =0 5
cosf=— 18
2 6=0,1 —1_2°
g1 5T 25
373 -7
25
cos@+1=0
cosfd=-1
0=m
The solution set is {0, %, 7T, 5?”}
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82. cos (2 cos™' i) =2cos’ (cos1 i) -1
5 5
2
- z[i) o
5

32

===

25
7
25

83. tan{2 cos”' [—EH
5
Let  =cos™ (—%) .« lies in quadrant II.
Then cosa:—é, ZSaSn.
5 2

secoH =——

tanor = —sec’ o —1

Section 7.6: Double-angle and Half-angle Formulas

2tan[tan'1 3]

4

1—tan? (tanl 3)
4

84. tan [2 tan™' —j =

85. sin [20051 ij
5
1

4 .
Let o =cos” 5 o is in quadrant I.

Then cosa:%, 0<a<

o3

sino = 1 cos’ &

SRORE R

sin(Zcos ! gj =sin2¢

34 24

=2sinxcosx=2-— —
5 5 25

86. cos {2 tan™ (—%ﬂ

Let a=tan"(—%j .« is in quadrant IV.

Then tana:—i, —E<a<0.
3 2

seco = tan a+1

(e
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3
coso =—
5

cos{Ztan"l (—%ﬂ =cos2a =2cos’* -1

A3

18

=]

25
7

25

! 3 l—cos(cos1 2) 1_§
87. sinz(acos1 gj= =

2 2

D= ofu

88. cos’ (l sin™ Ej
2 5

Let :sin"lg . a isin quadrant I. Then

. 3 b4
sinad=—, O<a<—.
5 2

cosa =+1-sin’ &

25 5
cos’ lsm’lg =cos’ l o
2 5 2
1+i J
_I+cosax 5 5 9
2 2 2 10

89. sec(Ztan 'éj
4

Let o =tan” %) o is in quadrant I.
3
Then tana—z O<a<—
seca =+tan’ o +1
(3) 5 5
= +1= —
4 6 4

4
cosor=—
5

1
cos (2¢a)
_ 1
2cos’ar—1

sec(Ztan'1 %) =sec(2a) =

90. csc {2 sin™ [—EH
5

Let oz =sin"' (—gj . o isin quadrant IV.

Then s1n0(——E —E<a<0
cosar =+1-sin a—,{ -
1_2
25
E
5
_4
5
csc| 2sin”! (—éj =csc(2) =— !
5 sin(2e)
_ 1
2sin @cos o
_ 1
o(-3)(5)
5)\5
1
ez
25
__5
24
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91. £(x)=0
sin(2x)—sinx=0
2sinxcosx—sinx =0
sinx(2cosx—1)=0

sinx=0 or 2cosx—1=0
x=0,7 1
cosx=—
2
T Sw
xX=—,—
33
The zeroson 0< x <27 are O,E, ,5?7[.
92. f(x)=0
cos(2x)+cosx=0
2cos’ x—1+cosx=0
2cos’x+cosx—1=0
(2cosx—1)(cosx+1)=0
2cosx—1=0 or cosx+1=0
cosx=-—1
cosx=—
2 X=7
T 5w
x=—,—
3°3
The zeroson 0 < x <27 are E,lz,s?ﬂ-.

93. f(x)=0
cos(2x)+sin’ x =0

cos® x—sin® x+sin’ x=0

cos’x=0
cosx=0
w 3r
xX=—,—
2 2
The zeroson 0 < x<27x are % 37”

94. a. cos(20)+cos@=0, 0°<8<90°

2cos’@—1+cosf@=0
2cos’ B+cosf—-1=0
(2cos@—1)(cos@+1)=0

2cos@—-1=0 or cos@d+1=0
cosd =L cosfd =-1
6 =180°
8 =60°, 300°
On the interval 0°< @ <90° , the solution is
60°.

723
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b.  A(60°) =16sin(60°)[ cos(60°)+1]
=16-£(1+1j
2 \2
=124/3 in® = 20.78 in’

c¢.  Graph ¥, =16sinx(cosx+1) and use the

MAXIMUM feature:
25
Hux.mun‘.
Shi .. W=z0PEYEL ] 9()
0

The maximum area is approximately
20.78 in.” when the angle is 60°.

%W
csc@—cotd
W =2D(cscO—cot )

95. a. D=

1 _cosé’ 1—cos@

cscl—cotl =— — =
sin@ sin@ sin @

o
=tan—
2
o
Therefore, W =2D tanz .

b. Here we have D =15 and W =6.5.
6.5:2(15)tan§

13
tan—=—
2 60
6 13
—=tan —
2 60

0= 2tan" 13 ~ 24450
60

96. I, sinfcos@—1,sinfcosO+1,, (cos2 6 —sin’ 9)

I,—1,)(sinBcos@)+1, cos® @—sin* @
(1=1,)(sinocoso)+ 1,

=1, - )—31n2¢9+1 cos 260
I -1,

Y sin 26+ I cos26
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2
Vo

97. a. R(O)= 62 cos @(sin @ —cos )

2
2
= v°1\6/_ (cos @sin 8 —cos” 6)

2
=NNZ2 2~1(200sﬁsin9—200829)
16 2
2
:—VO\E sin26 -2 Ltcos26
32 2
2
N
= sin(26)—1-cos(26
= [sin(26) (26)]
3

™ [sin (26)—cos(26) —l]

b. sin(26)+cos(20)=0
Divide each side by V2
Lsin(26’) + 1

V2 V2

Rewrite in the sum of two angles form using

cos(260)=0

1 1 T
cosp=—= and sing=— and ¢ =—:
V2 V2 4

sin(26) cos ¢ +cos(28)sing =0
sin(260+¢)=0
20+¢=0+km

2¢9+§:0+kn

20=-"1kn
4

9=_E+E
8§ 2

6=3—Tc =67.5°
8

2
R:32J§
32

(sin(2-67.5°) —cos(2-67.5°) 1)
3242 (sin (135°) — cos (135°) 1)

£9)

Il
—_

=322(V2-1)
=32(2—«/§) feet ~18.75 feet

d. Graph Y| =

(sin(2x)—cos(2x)—1) and

3222
32

use the MAXIMUM feature:

724

98.

99.

100.

20

Haxiraumm
45|88 . ___v=1m.7us166 4|90

0

The angle that maximizes the distance is
67.5°, and the maximum distance is 18.75
feet.

y= %sin(Zn'x) + i sin(47x)
1 sin(27zx) + 1 sin(2- 27 x)
2 4
= %sin(Zn’x) + i [2sin(27x) cos(27x)]
1. 1.
=5 sin(27x) + 5 [sin(277x) cos(27x) ]
= %sin(27rx) + %[sin(Z/[x) (2cos*(zx) - 1)}

= % sin(27rx) +sin(27x) cos* (7 x) — % sin(27x)
= sin(27x) cos” (77 x)

Let b represent the base of the triangle.

.0 bl2
cos—=— sin—=——
K 2 K
h:scosg b:2ssing
2 2
A=ty
2

1 ( ) 6)[ 6)
=—-| 2ssin— || scos—
2 2 2

= s sin—cos—
2 2
:ls2 sin @
2

sin¢9=%=y; cos&=%=x

a. A=2xy=2cosfsinf =2sinfcosl
b. 2sinfcosd =sin(26)
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101.

102.

Section 7.6: Double-angle and Half-angle Formulas

c. The largest value of the sine function is 1. 1 ., 1
Solve: 103. E-sm x+C:—Z-cos(2x)
sin26 =1 1 1
. C:—Z-cos(2x)—5-sin2x
20 =—
2 1 . 2
x :—Z-(cos(2x)+2s1n x)
0="—=45°
4 1 .2 .2
=——-(1—251n x+2sin x)
n 2 n 2 4
d. x=cos—=—  y=sin—=— 1
2 4 2 =——-()
The dimensions of the largest rectangle are 4
2 __ 1
. 2 1
sin(249)=25in¢90056=2sme~cos 4 104. —-cos’ x+C =—-cos(2x)
cos@ 1 2
2.sz C=i-cos(2x)——-cos2x
cos
S 1 2 2
o’ 0 :Z-(2cos x—l)——cos X
_ 2tané 1 . 1 1 .,
== =—C08" X————Cos” x
sec” @ 4 2
_ 2tanf 4 _ 1
l+tan’ @ 4 4
_ 4(2tan0)
4+(2tan )’ 105. If Z=tan(gj,then
_ 4x 2
4+x° 5 2tan(02[)
Z
2 2 2=
cos(26)=cos29—sin29=w I+2 1+tan2[aj
cos” @+sin” @ 2
cos® @—sin’ @ (0{)
— 2tan| —
_ cos” @ _ 2
cos? @ +sin* @  (a
cos’ @ sec 5
_l—tanzé’.i o [
1+tan’ @ 4 —2tan(3 cos (E
_4—4tan2€ (a
4+4tan’ 6 _251“(2)0082 o
4—(2tan )’ - [aj 2
=~ cos| —
4+(2tan @) 2
_ 4-x* =2sin [gjcos (ﬂ]
4+ x* 2 2
:sin[Z(gﬂ
2
=sino
725
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106. If z=tan [%j , then

R l—tanz(aj
1-z7 2

2
I+z 1+ tan? (aj
2

l1-cosa

1
__ l+cosx

1Jr1—00505

1+cosax
1+cosar—(1—cosx)

1+cosa
1+cosa+1-cosa

I+cos o
_I+cosa—(1—cos )

l+cosa+1-cosax
_ 2cosa
)
=coso

1—-cos(2x)
2
Starting with the graph of y =cosx, compress

107. f(x)=sin’x=

horizontally by a factor of 2, reflect across the x-
axis, shift 1 unit up, and shrink vertically by a
factor of 2.

1+cos(2x)

2
Starting with the graph of y =cosx, compress

108. g(x)=cos’x =

horizontally by a factor of 2, reflect across the x-
axis, shift 1 unit up, and shrink vertically by a
factor of 2.

y
1
| [
t ) 2w

T T
- — l1—cos—
109. sin— =sin [QJ 12
24

2 2
1
1-| —(V6++2
_ [4( )L L (o)
2 2 8
\/8—2(J€+J§) \/8—2(J8+J§)
- 16 - 4
) /2(4—(\/€+«/5)):£ P
4 4
s s
— I+cos—
cosl:cos 12y 12
24 {ZJ 2

) 1+G(Jza+ﬁ)j [T

:\/8+2(\/5+\/§) _ \/8+2(x/€+\/§)

16 4

:W:fjﬂﬁh/z

T T
- — 1+cos—
110. cosgzcos 4y —4

2 2
1+ Y2
_ * 2 2442
2 4
2442
2
T
SlanSIH &
16 2
3 1= 2+42
4
2—
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Section 7.6: Double-angle and Half-angle Formulas

T e
2 4
V2442442
2

111, sin® @+sin’(§+120°)+sin® (6 +240°)
=sin’ 9+ (sin 6cos (120°) +cos t9sin(120°))3 + (sin O cos (240°) + cos(9sin(240"))3

3 3
=sin’ 9+ —l-sin9+£-cos6 + —l-sinﬂ—ﬁ-cosﬂ
2 2 2 2
=sin’ 9+%-(—sin3 6 +3/3sin2 @cos @ —9sin Ocos> 6 +3+/3 cos® 6)

—é(sin3 6 +33sin”> Ocos O+ 9sin cos® @ +3+/3 cos’ 6)

33 . 33

=sin’ H—l-sin3 €+T-sm2 ¢9cos¢9—§-sin¢9cos2 ¢9+T-cos3 o

1 N 33,

——-sin’ 8——=sin’ ¢9cos¢9—§-sin¢9cos2 B—T-cos‘ 0

sm39—2~gneam29=§~@uf9—3mn9@—gnhﬂ]=§~@m3e—3gn9+3sm39)
4 4 4

AW MW

-(4sin3 6-3sin 0) = —%-sin(39) (from Example 2)
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Chapter 7: Analytic Trigonometry

112. tan@=tan 3-g SatanZQ—taHZQ:a—3
3 3 3
Stang—tan3g (3a—1)tan2§=a—3
-3 3 (from problem 65)
1—3tan2f tanzg=a__3
3 3a-1
tane[S—tanzej tangzi a3
atan—= 3 3 3 3a—1
1-3tan’ 4
3 113. Answers will vary.

3tang—tan3Q=atang(1—3tan2g)
3 3 3 3

3—tan2g=a(l—3tan2§j

W

3—tan2g=a—3atan2g
3 3

Section 7.7

1. sin(195°) cos(75°) = sin(150°+ 45°) cos(30° + 45°)

§in(150° + 45°) cos(30° + 45°) =
= (sin150° cos 45° + cos 150°sin 45°) (cos 30° cos 45° —sin 30°sin 45°)

192 e
(L[4 ) S

N2 N6 [V6 N2 _N4 V36,
4 4 )l4 4) 16 16 16 16

_23 2 6 23 3 1.3 V3 23 4 V3 1_1(V3 |
16 16 16 16 8 8 8 8 8 8 4 2 2

2. c0s(285°) cos(195°) = cos(240° + 45°) cos(240° — 45°)

c08(240° +45°) cos(240° —45°) =
= (c0s240° cos 45° —sin 240°sin 45°) (cos 240° cos 45° + sin 240° sin 45°)
2

= (05 240°)” (cos 45°)" —(sin 240°)° (sin 45°)°

Il (-G
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Section 7.7: Product-to-Sum and Sum-to-Product Formulas

3. sin(285°)sin(75°) = sin(240° + 45°)sin(30° + 45°)

sin(240° +45°)sin(30° + 45°) =
= (8in 240° cos 45° + cos 240°sin 45°) (sin 30° cos 45° + cos 30°sin 45°)

=R

(_ﬁ_ﬁJ(£+£J 2 6 iz

16 16 16 16

2\/5622_\6:\/531@_2\/54:@1_1(\/5]

4 42 4] 16 16 16

—+1
2

16 16 16 16 8§ & 8 8 8 8§ 4 2 2

4. sin(75°)+sin(15°) = sin(45°+30°) + sin(45° — 30°)
= [sin(45°) cos(30°) + cos(45°)sin(30°) | + [ sin(45°) cos(30°) — cos(45°) sin(30°)
= 2sin(45°) cos(30°)

L35

2

2

2

5. c0s(255°) —cos(195°) = cos(225°+30°) — cos(225°—30°)
= [005(2250) c0s(30°) —sin(225°) sin(30°)] - [cos(225°) c0s(30°) +sin(225°) sin(30°)]
=—25in(225°)sin(30°)

=_2[_£J(1J=£

2 N2 2

6. sin(255°) —sin(15°) =sin(135°+120°) —sin(135°—-120°)
= [sin(135°) c0s(120°) + cos(135°) sin(1 20°)] - [sin(135°) c0s(120°) — cos(135°) sin(1 20°)]
=sin(135°) cos(120°) + cos(135°) sin(120°) — sin(135°) cos(120°) + cos(135°) sin(120°)

=2c0s(135°)sin(120°)
o[ 2)B)__V6
2 2 2
7. sin(40)sin(26) = %[005(46 —26)—cos(46+26)] 9. sin(46)cos(26) = %[sin(46 +26) +sin(46 —20)]
1 1r. .
=E[cos(26)—cos(69)] =5[sm(69)+sm(29)]
8. cos(46)cos(20) = %[005(49 —26)+cos(48+26)] 10. sin(36)sin(50) = %[005(39 —50)—cos(30+56)]
1 1
=E[cos(29)+cos(69)} =E[cos(—26)—cos(86)J

=%[cos(26)—cos(89)]
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Chapter 7: Analytic Trigonometry

11.

12.

13.

14.

15.

16.

17.

18.

cos(368) cos(50) = [005(36 56)+ cos(36 + 56)]
= E[COS(_ 26) + cos (86)}

= %[005(29) +cos(8¢9)}

sin(46) cos(60) = [s1n(4€ +660) +sin(46 — 6(9)]
= E[sin (106) +sin(-26) |

= %[sin(lOH) —sin(26)
sin @sin(20) = [cos(6 26) —cos(0+26)]

= E[cos(—ﬂ) —cos (39)}

= %[cos 6—cos (36)]

cos(36) cos(40) = [cos(349 40) +cos(30+46)]
= E[COS(— 6) +cos (79)]

=l cos@+cos(76
. (76)

.30 6 1| . [39 9) . (39 9)
sin—cos— =—| sin| —+— |+sin| ———
2 2 2 2 2 2 2

1
=—|sin(280)+sin @
2|:s1n( )+sin ]
.6 50 1{. (6 sej .[6 seﬂ
sin—cosS—=—| sin| —+— |(+sin| ———
272 2 2 2 2 2
1
=—{'sin(30) +sin(- 28
2[sm( )+ sin( )]
=%[sin(36)—sin(2e)]

4(9—2(9} (4¢9+26j
cos
2 2

= 2sinfcos(30)

. (460+20 46 -26
=2sin cos
[ 2 ) ( 2 )

= 2sin(36)cos 6

sin(46) —sin(260) =2 sin(

sin(46) +sin(26)

19.

20.

21.

22,

23.

24.

730

cos(26) +cos(40) =2cos ( 26 ; 40 j cos [ 26 ; 49}

= 2cos(36)cos(—6)
=2cos(36)cos 8

5¢9+3¢9j (50—36}
2

=—2sin(46)sin @

sin @ +sin(30) = 25in[6+230)cos(0_30)

cos(56) —cos(30) =—

2
= 2sin(26) cos(—6)
= 2sin(26)cos @

0. 30 o _30
cosg—cosﬁ =—2sin 2 2 sin 2 2
2 2 2

= —2sinﬁsin[—gj
2

= —2sin9(—singj
2

:2sin€sing
2
0_30) (6,3
sing—sinﬁ=2sin 2 2 cos 2 2
2 2 2 2
:2sin(—g)cos¢9
2
:—2singcos€
2

. [6+36 0-36
. . 2sin cos
sin @ +sin(36) 2 2

2sin(26) 2sin(26)
_ 2sin(26) cos(—6)
© 2sin(20)
=cos(—60)
=cosd
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Section 7.7: Product-to-Sum and Sum-to-Product Formulas

( 0+ 39) ( 0— 39)
0s cos
2 2

2c0s(26)

_ 2cos(26)cos(—-0)
2cos(260)

=cos(—60)

=cos@

cos 0 +cos(30)
2cos(26)

26.

' . 2sin[49+29)005(49—29)
sin(46) +sin(26) 2
cos(46) +cos(26) B cos(460) +cos(26)

_ 2sin(30)cos @
2 cos(36)cos @
_ sin(30)
B cos(360)
= tan(36)

. (6+36) . (6-36
—2sin sin
cos@—cos(30) 2 2

sin(39) —sin@

—2sin(26) sin(—6)
2sin 8 cos(26)

—(—sin #)sin(26)
sin & cos(26)

= tan(26)

. (0+30) . (60-30
—2sin sin
cos @ —cos(30) 2 2

sin @ +sin(36) 2Sin(€+3€jcos[9—3€)
2 2

29.

—25in(26)sin(—6) 33.

2sin(28) cos(—6)
—(—sin @)
cos @
=tan @

731

. (0450 . (6-50
—2sin sin
cos @ —cos(50) 2 2

31.

. (39—6) (30+9)
2sin cos
2 2 32.

sin@+sin(50) 2sin(9+59)005(9—59j
2
_ —2sin(36) sin(—26)
~ 25in(36) cos(—26)
_ —(—sin26)
~ cos (26)
= tan(26)

sin @[ sin 8+ sin(36)]

=sin@ 25in[6+3ejcos(e_3ej
2 2

=sin @ [2 sin(260) cos(—ﬁ)]
0s 8[2sin(26)sin 8]

Il
o

0s6| 2 -%[cos 0 —cos(349)]}

cos B[ cos & —cos(36)]

sin H[sin (30)+ sin(SB)}

=sin 6[25in[36;59jcos(36;56ﬂ

= sin §[2sin(46) cos(—6)]
=cos@ [2 sin(46)sin 9]

=cos 9[2 -%[cos (360)- cos(5¢9)]}

= cos ﬁ[cos (30)- COS(SQ)}

sin(46) + sin(86)
cos(480) + cos(860)

. (40+86 46 -86
2sin cos
_ 2 2
40+86 40 -86
2cos cos
2 2

_ 2sin(66) cos(—26)
2 cos(66) cos(—26)
_ sin(68)
B cos(66)
= tan(66)
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Chapter 7: Analytic Trigonometry

sin(48) —sin(86)
cos(46) —cos(86)

. (40-86 40 + 86
2sin cos
_ 2 2
. (40+860 ) . (460-86
—2sin sin
2 2

_ 2sin(=26) cos(60)
 —25in(66)sin(—26)
_ cos(66)
 —sin(66)
= —cot(66)

34.

sin(46) + sin(86)
sin(468) —sin(86)

. (46+86) (49—89)
2sin cos
2 2

35.

T (46—89) (4¢9+8¢9)
—2sin cos
2 2

_ 2sin(660) cos(—20)
2 sin(—268) cos(66)
_ sin(66) cos(20)

B —sin(26) cos(66)
= —tan(668) cot(26)
_ tan(60)

T tan(26)

cos(46) —cos(89)
cos(460) +cos(860)

. (40+860) . (46-86
—2sin sin
_ 2 2
460 +86 40 -86
2.cos cos
2 2

_ —2sin(66)sin(-26)
" 2cos(66) cos(—26)
_ sin(60) sin(-20)
T cos(66) . cos(—260)
= —tan(660) tan(—260)
= tan(260) tan(66)

36.

4y, Smasin _ n(azﬂ)m(a;ﬁj
" sina—sin B 2Sin(a—ﬂjcos[a+ﬁj
{728) enf )
SCUFC

:tan(a;ﬂjcot(a;ﬂj
g ()
" cosa—cos —2sin(a+ﬂ)sin(a_ﬂj

2 2
58 o)
sin(“’;ﬂ) sin(a;ﬁj
__Cot[a+,8jcot[a—,8j

2 2

4o, Sn@*sing _ 251“(0(;6)008(“;6)
cos ¢ +cos 3 2005[0!;,3}05[0!;,3)

a+pf

. . 25in[ : jcos[a;ﬁj
40, 51na—s1n,B=
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Section 7.7: Product-to-Sum and Sum-to-Product Formulas

41. 1+cos(26)+cos(48)+ cos(68) = cos 0+ cos(68) +cos(28) + cos(46)

0+66 0-66 20 +46 20-46
:2005( jcos[ )+2cos( jcos( j
2 2 2 2
=2c0s(36) cos(—38) + 2 cos(38) cos(—0)

=2cos>(360) +2cos(30) cos &
=2cos(36) [cos(3¢9) +cos (9]

= 2005(39){200{364_ejcos(%’_eﬂ
2 2

= 2c0s(36)[2cos(26) cos 8]
=4 cosBcos(26)cos(36)

42. 1—cos(28)+cos(48)—cos(66) = [cos 0- cos(6€)] + [cos(4¢9) - cos(29)]

. ([0+60) . (0-66 . (20+40) . (20-46
=—251n( )sm[ )—2s1n( jsm( )
2 2 2 2
= —2sin(360) sin(—38) — 2 sin(38) sin(H)

=2sin’(36) — 2sin(360)sin 8
= 25in(36)[sin(36) —sin 6]

= 2sin(30){25in(36_9)005[394_6}}
2 2

= 25in(36)[2sin & cos(26)]

=4sin @ cos(26) sin(36)
43. sin(26) +sin(46) =0 44, cos(20) +cos(46) =0
sin(268) + 2sin(26) cos(26) =0 20+ 46 20—46
sin(26) (1+2cos(26)) = 0 2008[ jCOS( 3 j =0
sin(26) =0 or 1+2cos(26)=0 2¢c0s(30)cos(—8) =0
cos(20) = —% 2cos(36)cos@=0
20=0+2kn or 20=m+2kn or cos(36) =0 or cos¢ =0
0=kn 0="1in 30="42n or 30="T42kn o
2 2 2
T 2km T 2km
20=2"0kn or  20=2"10kn O=—+—— O=—+——
3 3 6 3 2 3
2
0="1kn 0=""1kn 0="12kn or 0="Tiokn
3 3 2 2
On the interval 0 <@ < 27, the solution set is On the interval 0 < @ < 27, the solution set is
{112_” 4_”3_”51} {225_”713_”%}
b 3 9 2 9 3 b 9 3 b 2 9’ 3 . 6 b 2 b 6 b 6 b 2 b 6 .
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45.

47.

48.

cos(46) —cos(66) =0

. 40+660 . 40 - 60 46. sm(49)—sm(69) =0
—2sin sin =0

50=0+2knw or 50=m+2km or

2 2 251n(40_69)cos(49+69j=0
—2sin(50)sin(—0) =0 2 2

2sin(56)sin@ =0 2sin(—6)cos(50) =0

sin(5¢) =0 or sind=0 —2sinfcos(56) =0
cos(56)=0 or sind=0

0=0+2km or O=m+2km or

2kT T 2km
0==5" O=5+=%" T 3n

5 505 50="42kn or 50="2+2kn
0=0+2km or 6O=m+2km 2 2
On the interval 0 < @ < 27, the solution set is 9:£+% 9_3_n+%

fo

a.

7 2m 3r 4x 67 T 87 9n
757575,57 35757575

On the interval 0 < @ < 27, the solution set is

} 10 5 10 5
{ 7 3r x99 11z 137 37z 17n 197r}
0 T

'10°10°2710°107710 710 72710 7 10

y =sin[272(697)t] +sin[272(1209)¢]
. [271'(697)[ + 23(1209):) (27:(697)t - 23(1209):)
=2sin CcoS
2 2
= 25in(19067t) cos(—5127t)
=2sin(19067t) cos(5127xt)

Because |sin €| <1 and |cos €| <1 for all 4, it follows that |sin(190671't)| <1 and |cos(512ﬂ't)| <1 for all
values of t. Thus, y =2sin(19067¢t)cos(5127t)<2-1-1=2. That is, the maximum value of y is 2.

Let ¥, = 2sin(19067x) cos(5127zx) . Window: x [0,0.01], y [-2, 2]

y = sin[272(941)t] +sin[22(1477)t]
. [271'(941)[ + 27r(1477)t) (27;(941)z - 27r(1477)t)
=2sin cos
2 2
=2sin(24187xt) cos(—5367t)
=2sin(24187xt)cos(5367t)

Because [sin | <1 and |cos6| <1 forall &, it follows that [sin(24187z¢)|<1 and |cos(241871)|<1 for all
values of t. Thus, y=2sin(24187xt)cos(536zt)<2-1-1=2. That is, the maximum value of y is 2.
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Section 7.7: Product-to-Sum and Sum-to-Product Formulas

c. Let Y, =2sin(24187x)cos(5367x) .
2

0 0.01

-2

49. 1, =1Xc0520+1y sin29—21xy sinfcos 8
=1 (00529+1j+1 [1_0052‘9)—1 2sin @ cos @
x 2 y 2 Xy

_ I.cos20 1, I_y_Iy cos 260

2 2 2 2

IL.+1, I.-1
= 3 + > cos260—1,,sin20

—1,,sin20

=1, sin29+1y cos? ¢9+21Xy sin@cos @
=] [l—cos20j+lv(00529+1j+1 2sin @ cos @
. 2 ’ 2 v

O 20 I, ,cos20 1,
2 CB2Y 4 D +—=+1,,sin20

2 2 2

IL+1, I,-1, )

— —cos260+1,,sin20
2 )

2
50. a. Since ¢ and v, are fixed, we need to maximize sin 900s(9—¢).
sin0c0s(0—¢)=%[sin(¢9+(6—¢))+sin(€—(6—¢))}

= %[sin(26—¢)+sin ¢}

This quantity will be maximized when sin (2€—¢) =1. So,

1 .
. :2V§'5'(1+Sm¢):v§(1+sin¢): v (14sing)
e gcos’ ¢ g(l_sm2¢) g(1-sing)(1+sing) g(I1-sing)
(50)°

=) 50824
9.8(1-sin35°)

The maximum range is about 598 meters.
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51. sin(2)+sin(2)+sin(2y)
=2sin(2a;Zﬁ)cos(zagzﬂ)+sin(2}/)

= 2sin(ex + fB) cos(x— )+ 2sin ycos y

= 2sin(m— y)cos(ar— ) + 2sin ycos ¥
= 2sin ycos(ar— ) +2sin ycos y
= 2sin y[cos(a— ) +cos 7|

oo 41

=4sin 7005(”_2ﬂ)cos(2a_”)
2 2

T T
=4sin ycos| —— 3 |cos| o ——
nr (2 ﬁj ( 2)

= 4sin ysin fsin ¢

=4sinasin fsiny

sing  sin sin
52. tano+tanB+tany = + ﬂ+ Y

cosax cosfl cosy
_ sinarcos Bcos y+sin fcosarcos y +sin ycos axcos B

cos arcos fcosy

__cos y(sinacos ff+cos arsin B) +sin ycos arcos B

cosxcos fcosy
_ cos ysin(ar+ fB)+sin ycosorcos B cos ysin(m—y)+sin ycos orcos

cos xcos fcosy cos xcos fcosy
_cos ysin y+sinycosacos f _ sin y(cos y+cosacos )
B coscos fcosy B cos xcos fcosy
_sin 7[cos(n—(a+ﬂ)) +cosacosﬁ} _siny[—cos(a+ fB) +cos arcos f3]
- cosrcos ffcosy - cos xcos fcosy

sin y(—cos azcos 8 +sinarsin B+ cos acos f5)

cosarcos ffcosy
_siny(sinasin )

=tan o’tan B tan y
coscos fcosy

53. Add the sum formulas for sin(er+ f) and sin(er— ) and solve for sina cosf :
sin(a + ) =sinacos f+cosasin
sin(er— ) =sinacos S —cosasin
sin(a + B) +sin( — ) = 2sinacos

sinacos ff = %[sin(a—i— B)+sin(a - f)]
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Chapter 7 Review Exercises

- -1
54. 2sin| 2 b cos atp 2. cos 0 '
2 2 Find the angle €, 0 <8 <m, whose cosine
L[ (a-B a+B), . (a-B a+p equals 0.
_Z.E{Sm( 2 2 j+s1n( s 9 cosf@=0, 0<O<mn
o5 Jranl )
=sin| — [+sin| —— B
2 2 .
=sinar+sin(-/4) Thus, cos"'(O):E.
=sina—sin S
. . . (a-8 a+p 3. tan'1
Thus, sin¢ —sin # = 2sin cos| —— |. - -
2 2 Find the angle 6, —E<9<E, whose tangent
_ equals 1.
55. ZCOS(OH—'BJCOS(a—ﬂj d 7t .
2 2 tanl9=1, —§<6<§
=2-l{cos(a+ﬁ—ﬂ)+cos[0[+ﬁ+a_ﬁﬂ T
2 2 2 2 2 9=Z
20 2a
2005(7)+cos[7 Thus, tan™! (1):§.
=cos f+cosx
_ . 1
Thus, cosa+cosﬂ=2cos(a;ﬂ)cos(a2’8j, 4. sin '(—Ej
. 4 14 .
. Find the angle 8, —— < 8 <—, whose sine
56. —ZSin(a ’Bjsin[ﬂj 2 2
2 1
| equals 5
:_2._|:COS(“+/B_a—ﬂj_COS(OHﬂJra—/fﬂ 1 i i
2 2 2 2 2 sinf=——, —-——<0<—
2/ 200 2 2 2
=—| cos| — |—cos| — T
2 2 49=_g
=cosa—cos o i
_ Thus, sin”~ (——j=——.
Thus, cosa—cosﬂ:—2sin[a;ﬂ)sin[a2ﬂj_ 2 6
5. cos™ (—ﬁj
2
Chapter 7 Review Exercises Find the angle 6, 0<6 <, whose cosine
3
1. sin”'1 equals 5
. T T . B
Find the angle 6, —ESGSE, whose sine cosf=-Y2 0<@<n
equals 1. 5
I T 0=—
sind =1, —ESBSE 6
b9 Thus, cos™ (—ﬁj—s—n
0=— 6
2
Thus, sin” (1)=§.
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6.

10.

tan™’ (—\/g)

Find the angle 4, —g <@< g, whose tangent

equals 3.
tan&z—\/g, —E<€<E
2 2
g=-=
3
a0 14
Thus, tan (—x/g):——.

3

sec” \/5

Find the angle 8, 0 <@ <, whose secant

equals V2.
sec6’=\/§, 0<f0<n
o==

Thus, sec”™ JE zg .

cot™' (-1)
Find the angle 8, 0 < @ < &, whose cotangent
equals —1.
cotd=-1, 0<O<rm
o=~
4
3z

Thus, cot™ (=1)==-.

sin”! [sin [%j} follows the form of the
equation £ (f (x)) =sin”! (sin (x)) =x. Since

3—” is in the interval rr we can appl
8 22| PPy

the equation directly and get
. 1| . (37 3
sin” | sin| — | |[=—.
8 8

cos™ [cos%j follows the form of the equation

! (f (x)) =cos | (cos(x)) =x. Since 37” is

738

11.

12.

in the interval [0,7[] , we can apply the equation

RY/4

directly and get cos™ {cos TJ = 3z

1
-1 27
tan~ | tan ? follows the form of the

equation f! (f (x)) =tan”' (tan(x)) = x but we

. . 2 .
cannot use the formula directly since EY is not

in the interval {—%,%} . We need to find an
angle @ in the interval {—%,%} for which

tan [27”] =tan @ . The angle 2?” is in quadrant

II so tangent is negative. The reference angle of

2?7[ is % and we want @ to be in quadrant IV

so tangent will still be negative. Thus, we have

tan 2—” =tan _z . Since _z is in the
3 3 3

. T
interval | ——,—
{ 2 2 .

, we can apply the equation
above and get
-1 2
tan” | tan| —
3

-1 V3 VA
=tan tan| —— =——.
157

cos™! (cos (T J follows the form of the

equation ! (f (x)) =cos™! (cos (x)) =x,but
we cannot use the formula directly since 1577[ is

not in the interval [0, 7Z':| . We need to find an

angle @ in the interval [O, 7[] for which
cos KIST”J =cos@ . The angle ISTE isin

157 .
quadrant I so the reference angle of % is g .

Thus, we have cos 15—” :cosz. Since z is
7 7 7
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13.

14.

15.

in the interval [O, 7[] , we can apply the equation

above and get
-1 157 -1 T\ &«
cos | cos| — | |=cos” | cos—= |==.
7 7 7

sin”! [sin (—%Jj follows the form of the
equation £ (f (x)) =sin”! (sin (x)) =x, but we

. . 87 .
cannot use the formula directly since y is not

in the interval {—%,%} . We need to find an
angle @ in the interval {—%,%} for which

sin 8 =sin@. The angle 8 isin

9 9
quadrant III so sine is negative. The reference
angle of —8?7[ is g and we want 6 to be in

quadrant I'V so sine will still be negative. Thus,

. 8r . V.4 . T .
we have sin| ——— |=sin| —— |. Since —— is
9 9 9

in the interval {—%,%} , we can apply the

equation above and get

I 87 I T T

sin” | sin| ——— | [=sin" | sin| —— | |=——.
9 9 9

sin (sin_1 0.9) follows the form of the equation
(7 (x)) =sin(sin™ (x)) =x. Since 0.9 is in
the interval [—1, l] , we can apply the equation

directly and get sin (sin_1 0.9) =09.

cos (cosfl 0.6) follows the form of the equation
f (ffl (x)) = cos(cosfl (x)) =x. Since 0.6 is
in the interval [—1, 1] , we can apply the equation

directly and get cos(cosf1 0.6) =0.6.

16.

17.

18.

19.

20.

21.

739
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tan(tan_1 5) follows the form of the equation

f(ff1 (x)) = tan(tanf1 (x)) =x. SinceSisa
real number, we can apply the equation directly

and get tan(tanf1 5) =5.

Since there is no angle & such that cos@=-1.6,

the quantity cos™ (—1.6) is not defined. Thus,

cos(cosfl (—1.6)) is not defined.

s -1 ( 271:) .1 ( IJ T
S COS— |=SIn —_ | ===
3 2 6

cos™ (tan %) =cos (-1)=m

o (4]

Find the angle 6, —g <6< g, whose sine

equals —ﬁ
q 5
sin@z—ﬁ, —ESHSE
2 2 2
g T
3
So, sin™ —ﬁ :—E.
2 3

sec(tan'1 g]

Find the angle 6, —g <@< g, whose tangent is

3
tan49=£, —E<49<E
3
o==
6
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22,

23.

24,

. 43
t'=
SIH(CO 4)

Since cotezi, 0<@<rm, 6 isin quadrant L.

Let x=3 and y=4. Solve forr: 9+16=7"
r? =25
r=5

Thus, sin(tan’1 éj =sin@=2 =
4 r

ol (3]

|

Since sin0=—%, —%S&S%,let y=—4 and
r=5. Solve for x: x*+16=25

x*=9

x=13

Since @ is in quadrant IV, x=3.
Thus, tan[sin'1 (—iﬂ —tanf=2 = -4__4
5 x

f (x)=2sin(3x)

y = 2sin(3x)
x=2sin(3y)
X

X sin(3

5 sin(3y)

3y =sin! d
' @

y= %sin’l (fj =f(x)

2

The domain of f (x) equals the range of
f_l(x) andis —Z<x<Z ,or _f’f in
6 6 6 6

interval notation. To find the domain of /' (x)

we note that the argument of the inverse sine

..X . .. .
function is E and that it must lie in the interval

[—1,1} . That is,

740

25.

26.

—1<=<1

2
—2<x<2

The domain of f~' (x) is {x |2<x< 2} ,or
|:—2, 2] in interval notation. Recall that the

domain of a function is the range of its inverse
and the domain of the inverse is the range of the

function. Therefore, the range of f(x) is
[-2.2].
f(x)=-cosx+3
y=—cosx+3
x=-cosy+3
x—3=-cosy
3—x=cosy
y=cos (3—x)=f"(x)
The domain of f (x) equals the range of

f_1 (x) andis 0<x<rx,or [0,#] in interval

notation. To find the domain of f - (x) we note

that the argument of the inverse cosine function
is 3—x and that it must lie in the interval

[-1.1]. That s,
-1<3-x<1
—4<—x<-2
4>2x22
2<x<4
The domain of fﬁl(x) is {x|2<x<4}, or

|:2, 4} in interval notation. Recall that the
domain of a function is the range of its inverse
and the domain of the inverse is the range of the
function. Therefore, the range of f (x) is

[2.4].

Let @=sin"'u so that sin@=u, —<@<

bl

N
N

—1<u<1. Then,

cos (sinf1 u) =cos@ =+/cos’ 6

—J1=sin2 @ =+/1-u?
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st @y Eege® e
27. Let 8 =csc usothatcscﬁ—u,—ESHSE cscl  sing 'sin¢9
and %0, |u|21. Then, I+cscd 1+L sin @
sin @
tan(cscflu):tanﬁz tan” 6 _ 1
0 sin@d+1
—Jsec2@—1= / . _ 1 1-sind
csc” @—1 1+sin@ 1-sin@
1 _ l-sin®
T 1—sin?@
u- =1 _1-siné
cos? @
28. tan&cotf—sin’ @ =tanb- —sin* @
tan
=1-sin’@ 34. csc@—sinf@=———sinf
) sin
=cos” 6 1—sin’ @
L 2 o2 sin@
29. sin” @(1+cot” @) =sin" @-csc” @ _00826
.2 - .
=sin~ @- sin &
+ 2
sin® @
=1 =cosd C?Se
sin @
s - ) ) - =cosfcotd
30. 5cos” @+3sin" @=2cos” @+3cos” @+3sin” &
=2cos” @+3(cos* @ +sin* @ 1—si
( ) 35. 175100 001 —sin®)
=2cos’0+3-1 sec@ '
=3+2cos’ @ =cos6(1—sin6)~1+s?n0
1+sin @
a1 l—cos(9+ sin@ _ (1-cos6)’ +sin’ @ _cosﬁ(l—sinzﬂ)
" sin@ 1—cosé@ sin@(1—cos @) B 1+sin @
_1—2c0s8+cos’ 6 +sin’ 6 cosﬁ’(cos2 49)
sin@(1—cos ) = 1+sing
_ 1-2cosf+1 cos’ @
sin@(1—cos 6) " 1+sin@
_ 2-2cos#
sin@(1—cos ) 36. cotf—tand = C?Sﬂ_ sin @
__2(I=cosb) sin@ cos@
sin@(1—cos 6) _ cos’ @—sin’ @
:L sin @ cos @
sin@ _ 1—sin* @ —sin” @
=2csco sin @ cos @
1 _1—25in2€
3. cosf _ cos®  cosh ~ sin@cosf
cos@—sinf cos@-sinfd 1
cos@
1
- _ sin@
cos@
_ 1
1-tané

741

Copyright © 2013 Pearson Education, Inc.



Chapter 7: Analytic Trigonometry

cos(a+ff) cosacos f—sinasin f

cosasinff cosesin B
_cosacos f sinasin
~ cos osin cos osin
_cosf sinx

37.

sinf cosa
=cotf—tancx

cos(a—f§) _cosacos B+sinasin

cosacosff cosarcos 3
_cosocos B sinasin

38.

cosacos f cosacosf
=1+tanortan

sin @

=sin@

39. (I1+cosf) tang =(1+cosf)-
2 1+cosé@

cos@ cos(26)

“sin6 sin(20)
2cos6’(cos2 6 —sin’ 49)

~ sin 0(2sinBcos )
_ cos’ @—sin’ @
© sin@
_cos’@ sin’ @
T sin?6 sin’@
=cot’ 6—1

40. 2cotBcot(20)=2

41. 1-8sin* fcos’ O = 1—2(25in6’cos¢9)2
=1-2sin’(26)
=cos(2-20)
= cos(46)

sin (30)cos @ —sinHcos (30) sin(360-6)
sin (26) ~ sin(26)
_sin(20)
~ sin(26)
=1

43.

i 20+46 20-46
sin(20) +sin(46) S T % T,

cos(2 Ccos 20+46 20+ 46
(26)+cos(49) ' jm( ' j
2sin(36)cos(—6)
2cos(38)cos(-0)
sin(30)

cos(36)

= tan(36)

cos(26) —cos(46)
cos(20) + cos(46)
_ —2sin(360)sin(-6)
2 c0s(368) cos(—6)
_ 2sin(30)sin @
2 cos(38)cos @ N
= tan(30) tan & — tan @ tan(36)
=0

44.

—tan @ tan(36)

—tan @ tan(36)

tan @ tan(36)

45. sinl165°=sin (120° + 45")
=sin120°-cos45°+cos120°-sin 45°

B

4 4

Al

46. tan105°=tan (60° + 45")
_ tan60°+ tan 45°
1—tan 60° tan 45°

~ 3+l
1431
_\/§+1'1+\/§
-3 1443
1424343
13
44243
2

=-2-\3
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47. coss—n:cos 3—TC+E
12 12 12
T T .M . T
=C0S—-COS——8in—-sin—
4 6 4 6
V25 V21
2 2 2 2
_J6_V2 2+72
T4 4 _ 2—\/5.2—\/5
=1(¢g_¢5) 2442 2-42
(2-32)
48 s1n(——j= (E—ﬁj B 4
12 12 _2_\/§.£
:smgcosg—cos— sin— \/5 \/5
22-2
12 B2 ==
2 2 2 2 \/_
=+2-1
_V2 6
4 4
1
1 (3-6)
4
49. co0s80°-cos20°+sin80°-sin 20°= cos (80°— 20")
= cos 60°
_1
2

50. sin70°-cos40°—cos70°-sin 40°= sin (70°—40°)
=sin 30°

a. sin(a+ f)=sinacos f+cosasin f

GEEe

b. cos(a+ ) =coscacos f—sinasin

6

743
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c. sin(a—f)=sinacos f—cosasin f

e

65 65

tan o + tan 3
l—-tanrtan 8

4 (s
7+ —_
3 ( 12)

d. tan(a+p)=

1 119 33

T4 1214 56
9
24

5

e. sin(2a)=2sinacosa=2-

W |
W | W

™

cos(23) =cos” B —sin’ B

5

a /1+cosa
COS— =
2

12 3n

2
1+§ 8
5_;_4 2 2[
2 2 s s

=C
[2) [i)z_m_g_w
1 13 169 169 169

5
5

54. sina=—§,n<0(<3—n;cosﬂ=— —< f<2n

137 2
4 3 . 5
cosay=——,tanox=—,sIn p =——, tan
5 4 p 13 p
3 in B

—<—<T

T o«
—_<— —,
2 2 4 4 2

12°

sin(a+ f) =sina cos S+ cosasin

O

36420

cos(a+ ) =cosaxcos f—sinasin
SIEHEE
Us)l) Us)Us
_ —48-15

65
63

T 65

sin(a — f) =sin @ cos f—cosasin
B
LUs)ls 5)0 13

-36-20

tan o + tan

tan(or+ f) = ———
(@+h) l-tanotan B

sin(2a) =2sina cos
5 _3 . _4 24
T2

cos(2f3) =cos® B—sin* B
(12 [ 5Y
IR
14425 119
T169 169 169

&

1
13 _ i_ I 2
2 \N26 J26 26
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h. COSZ:_ 1+cosy e. sin(20()=2sinacosa=2[—§j(—i)
2 2 5 5

S

_24
25

d

cos(28) =cos® f—sin’ B

T169 169 169

13

13

=5 (SHQJ 25 144119

1
ﬁ [1__ 1 _ Vo
2 10 Jio 10 g

55. tanazé,n<a<3—n; tan,B:2,0<,B<E 4 =L=2\/E
4 2 5 2 13 13 13
sina:—é,cosa:—i,sinﬂzg,cosﬂ:i,
5 5 13 13
T o 3m g n h.
—<—<—, 0<=<—
2 2 4 2 4
a. sin(a+ f)=sinacos f+cosasin f 5
SIEHIE :
= === 1|4+| -] =
5)\13 5)\13 1
__I5_48 5o [to_ L _ Vi
65 65 2 10  Jio 10
_63
65
. . 56. seca:2,—E<0{<O; secﬁ:3,3—n<ﬂ<2n
b. cos(a+ f)=cosccos f—sinasin f 2 2
4\ (5 3) (12
2[——)(—)—[——)(—) sina:—ﬁ,cosa:l,tana:—\/g,
5)\13 5)\13 2 2
20 36 A2 1
=—+— 1 = = — = —
s 6 sin 3 ,cos 3 3,tanﬂ 22,
16
=— —E<g<0, 3—n<£<TC
65 4 2 4 2

c. sin(e—f)=sinacos f—cosasin B a. sin(a+ f)=sinacos f+cosasin S

LI S

_ 15 48 -2
65 65 =7 %
33
~ 65 b. cos(a+ ) =coscacos f—sinasin
e+ tan 11 (B 22
d. tan(e+p)=—norianpg 23 | 2 3
I-tanotan 8
312 C1-246
7+7 =
__4 5 6
1_(3j(12) c. sin(a—f)=sinacos f—cosasin [
o __ﬁ.l_l.(_&J
20 _63(_5)__63 A
~ 4 200 4) 16 _3+2\2
5 6
745
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d. tan(a+ f)=-Enatanf
I—tan rtan B
~3+(-2V2)
1-(+3)(-22)
[(—B3-242) (1+246
1-216 ) \1+2V6
_93-82
-23
824943
23
e. sin(2a)=2sinacosax =2 —ﬁ (lj:—ﬁ
2 2 2
f. cos(2f) =cos’ B—sin’ 3
Gj 22) 18 7
3 3 9 9 9
o sinﬁ— 1—cos 8
2 2
12
33 Lo 1L _N3
2 2 N3 3 3
h Cosg: f1+cosa
2 2
1+1 3
2 2 4 2
57. sin05=—%,n<0(<3—Tt;cos,6=—g,1t<ﬂ<3—7t
3 2 3
5 05 V5
cosy=——,tanx =——,sin f=——,
3 5 3
tanﬂ=£,ﬁ<g<3_n’£<£<3_n
2 2 2 4 2 2 4

a. sin(a+ f)=sinacos f+cosasin f

M

b.

C.

d.

€.

f.

cos(a+ ff) =cosrcos f—sinarsin

B

sin(a — f) =sincos —cos asin

(H-

tan o+ tan
l—tan ortan
25 5

__ 5 2

205 V5

5 2

45455
- 10
1-1
o5

= %; Undefined

tan(a + f) =

sin(2c) = 2sin o cos @

45

2(3(%7

cos(28) =cos® B—sin’

Copyright © 2013 Pearson Education, Inc.
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58.

59.

o 1+cosa
h. cos—:—,f =—
2 2

( . 43 o 1)
cos{ sSin  ——CoS  —
5 2

Let a:sin'lg and ﬂ:cos’lé. o isin

quadrant I; £ isin quadrant I. Then sina = 3 ,

IN

OSasg,and cos =

cosa =+1—sin’ @
2
_ 1_[2) _ S [1e_4
5 25 25 5
sin 3 = y/1—cos’

o=

cos| sin 1——cos l—j—cos o—
[sin 2 cos' 3 =cos(a- )

=coscos B +sinasin
41,343

52 5 2
_ 4, 3B _4433

10 10 10

1
-, 0<
5 0<h

T
>

. ( L5 B 4}
Sin| CoOS ——C0oS —
13 5

4 ..
Let ¢ =cos™' % and B=cos™' —. « isin
. 5
quadrant I; £ is in quadrant I. Then coso = Tk

T 4 T
O0<a<—,and cosf=—, 0 fB<—.
2 p 5 p 2

747

60.
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1 cos” &
/ 25 /144 _12
13 169 V169 13
sin 3 = y/1—cos’

-

Sln COS 1——COS l— —Sln o —
[ > 5) (a-p)

=sinacos f—cosasin

sina =

13 5
48 15 33

T 65 65 65

Let o =sin"' [—%) and ,B:tan"%. o isin
quadrant IV; f is in quadrant I. Then,

sina=—l, OSaS%,and tanﬂ=%,

O<ﬂ<£.

cosa=+1 —s1n o

1 3
tang=—-———==——

3 3
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61.

tan {sin1 [—%) —tan™ [%ﬂ = tan (o — f3)

_ tano—tan B
1+tanatan S

9-43 12433

T 12-33 124343
—144-75\3
117
—48-25\3
39
48+25\3
39

cos {tanl (=) +cos™ [—%H

Let oz=tan™'(~1) and S =cos™ (—%] o isin
quadrant IV; f is in quadrant II. Then

tanor = —1, —g<a<0,and cosﬁ:—%,

V4
—<phHO<T.
5 B

seca:\/l+tan20( :\/1+(—1)2 =2
JE 2

sinor = — 1 cos’ @

SRER

sin 8 =+/1—cos?

AEENC NS

748

62.

63.

cos{tan'l(—l) +cos™ [—%H =cos(a+ f)

=cosarcos f—sinasin

T

-2 32

10 10
V2

TY

ol )

Let a =cos™ [—%) o isin quadrant II. Then

3
cosa=——, Eﬁaﬁn.

sina = 1 cos’ &

{JT?HZFF

=2sinacosa
_ ZLEJ(_EJZ_E
5 5 25
cos[2tan'l ij
3

1

Let o =tan™ % o isin quadrant I. Then

4 T
tanad=—, O0<a<—.
3 2

seco = tan a+1

R

cos [2 tan™ %j = cos(2a)

=2cos’ ar—1

2
—of 3] c1=2[ 2 )-1=-L
5 25 25
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1 69. 0.2sin@=0.05
2 Find the intersection of ¥, =0.2sin& and

Y, =0.05:

cosf =

[\S]

6’:%+2k7z or 6’:5?”+2k7r, k is any integer

On 0< 6 < 2x, the solution set is {%, 5?”} . /r\\ /r\.

- L 5

tan 9++/3 =0 Bntsezsation hk/ﬁz?ﬁasi@a A/
tan@ = —\/g On the interval 0<8< 27, x=0.25 or

x=2.89

9—E+kn k is any integer
- ’ yiniee The solution set is {0.25,2.89} .

On the interval 0 < @ < 27, the solution set is

70. sin@+sin(26) =0
2 Sx
EREERE sin@+2sinfcos @ =0
sinf(1+2cos@)=0
sin(26)+1=0 1+2cos@=0 or sin@=0
sin(260) = -1 1 6=0,7
00502—5
26=3—”+2k7£
2 g= 2T 4m
6=3—”+kﬂ, k is any integer 33 . .
4 On 0< @< 2, the solution set is
On the interval 0 < 8 <27, the solution set is on 4rx
0,—,7,—.
{3_7[ 7_”} 37773
47 4
71. sin(26) —cos@—2sin@+1=0
tan(26)=0 2sin@cos@—cos@—2sinf+1=0
20=0+km cos@(2sinfd—1)—1(2sinf—-1)=0
9:%5, where k is any integer (2sin@—1)(cos6—1) =0
. 1
On the interval 0 < 8 < 27, the solution set is sin € :E or cosf=1
2 2 6 6
sec2@=4 On 0<6 <2, the solution set is {0,%,%}.
secd =12
cosf=+1 72.  2sin’6-3sinf+1=0
2 (25in 6—1)(sin6—1) =0
V4 2r
9=§+k7f or 9=?+k7h 2sinf—-1=0 or sin@-1=0
where k is any integer sin@ = — seliad
On the interval 0 < 8 <27, the solution set is 2 9="
{z 27 4n S_E} 6=2.% 2
373°3°3]" 66

On 0< 60 <2, the solution set is {%

S

6

749
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73.

74.

75.

4sin’* @ =1+4cosé
4(1—cos2 6):1+4cos€
4—4cos’@=1+4cos8

4cos’ O+4cosf-3=0
(2cos@—-1)(2cos6+3)=0

2c0s0-1=0 or 2cos8+3=0
cosf=— cos&’:_é
2
g=" 5t (not possible)
373

On 0< 8 < 2rx, the solution set is {%5{} .

sin (26) = /2 cos @

2sin 6 cos 6 =~/2 cos 6
2sinfcos O —~/2cos 6 =0
cos9(2sin9—\/§) =0

cosd=0 or 2sin@-2=0

3

2

&

T
0:_7 1 =
> sin @

&l
(oY)
|

0:

—
&[N
DI REN
=¥

On 0<L 8 < 2r, the solution set is

NJ‘Q’

sinfd—cos@ =1
Divide each side by V2

Lsin H—Lcose _ L
V2 V2 V2
Rewrite in the difference of two angles form
1 1 T
where cos¢p=—, sing=—=,and g=—:
N 2 4
1
sin@cos@—cosfsing=—
V2
sin(@—¢) = %

76.

71.

78.

79.

80.

s 3n
O0—-¢p=— or O6—p=—
/ 4 / 4
0-Z=T o 6—£=3—TC
4 4 4 4
6=E or d=m
2

On 0< 8 < 2rx, the solution set is {%ﬂ'} .

sin™' (0.7) = 0.78

EinTd, ¥
L Fro3974956

tan

"(=2)=-1.11
tan4EI2

3
1ari4avia

cos™ (-0.2) =1.77

CosTC-, 22
1. 772154248

sec”' (3) =cos™ G)

We seek the angle 8, 0 <8 <z, whose cosine

equals % . Now cos@ = % , 50 @ liesin

quadrant I. The calculator yields cos™ % =1.23,

which is an angle in quadrant I, so
sec™ (3)=1.23.

CosTC17 30
1.238959417

1
cot” (—4)=tan™'| ——
) [ 4)
We seek the angle 6, 0 <& <z, whose tangent

equals —i. Now tan&z—i, so @ liesin

quadrant II. The calculator yields
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81.

82.

83.

tan_l (_ij =~-0.24 s which is an angle in

quadrant IV. Since @ lies in quadrant II,
0=-024+7=290. Therefore,

cot™! (—4) =2.90.

FanTi =143
- 2449736631
Ari=+n
2. 89661399

2x=35cosx
Find the intersection of ¥, =2x and

Y, =5cosx:

NANiaN

x=1.11
The solution set is {1.11}.

2sinx+3cosx =4x
Find the intersection of ¥, = 2sin x+3cos x and

Y, =4x:

A
v

Inkersechion
H=.BeEEZEHL |V=3Z. HERENZD

-6

x=0.87.
The solution set is {0.87} .

sinx=Inx

Find the intersection of ¥, =sinx and ¥, =Inx:

2

o ﬂ\\_/l U "
Inkekseckion |/
n=g.cifiori I1Y=.7e71048%

-2

84.

85.

86.

Chapter 7 Review Exercises

x=222
The solution set is {2.22} .

3sin'x=7x
sin" x=-=
| x
x=sin| -=
)
__\B
2

The solution set is {——} .

2cos x+m=4cos' x

—2cos' x+7m=0

2costx=—1

4 T
cos x=—
2
x= cosZ =0
2
The solution set is {0}.

Using a half-angle formula:

sinl15° = sin[30 )
2
_ [1-cos30°
2

3
2 _\]2—\/5_\/2—\/5
2 Vo4 2
Note: since 15° lies in quadrant I, we have
sin15°>0.

Using a difference formula:
sin15° =sin(45°—-30°)
=5in(45°) cos(30°) — cos(45°) sin(30°)

2 2 2 2
56 i Jo-di 1
=y a T a gl
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Verifying equality:

L(f5-iz)- Lot
4

4

V333

87. Given the value of cos @, the most efficient
Double-angle Formula to use is

cos(260) =2cos” 6—1.

Chapter 7 Test

1. Let 8 =sec”! (ij . We seek the angle 8, such

V3

that 0< @<z and @+ % , whose secant equals

i. The only value in the restricted range with

NG
2 . Thus, sec! (ij -z .

a secant of —
56

o N

N
x/EJ
2

2. Let @=sin"" [—
.4

that —% <@< o whose sine equals —g . The

. We seek the angle &, such

only value in the restricted range with a sine of
2
—— s _z . Thus, sin™' —ﬁ -
4 2

NGB

4

sin”! (sin %j follows the form of the equation
f (f(x)) =sin”" (sin(x)) = x, but because

1z . . . T
? is not in the interval —E,E , we cannot

directly use the equation.
We need to find an angle @ in the interval

—z,z for which sinM =sin&. The angle
22 5

% is in quadrant I. The reference angle of

1z . n L . T, .
—— is — and sin—— =sin— . Since — isin
5 5 5 5 5

. T .
the interval {—E,E} , we can apply the equation

above and get sin™’ (Sin %j :§.

tan(tan_1 %j follows the form

f (]“1 (x)) = tan(tan’1 x) = x. Since the

domain of the inverse tangent is all real numbers,
we can directly apply this equation to get

tan tan_lz :z.
3 3

cot(csc_1 \/E)
Since csc™’ H:L:\/ﬁ’ —Zgggf’ let
y 2 2

r=+/10 and y=1. Solve for x:

X +17 =(\/E)2

2 +1=10
x> =9
x=3

@ is in quadrant I.

Thus, cot (csc’l \/E) =cotf =

Copyright © 2013 Pearson Education, Inc.



_ 3
. Let @=cos'|—=|.
6. Let @ cos(4j

sec {cosl (—%ﬂ =secd

_ 1
cos@

I
|-

[SSY N N

7. sin~'(0.382) = 0.39 radian

EinTiE. 3822
3919594531

8. sec'l1.4=cos™ (ﬁj =~ (.78 radian

o= T 1-1.42
rral93373I3

9. tan '3 =1.25 radians

fanTo3n
1.24908435772

10. cot'5=tan™" (%) = (.20 radian

(ETR TS )]
. 1373955598

Chapter 7 Test

cscl+cotf

sec @+ tan @

__csc@+cotf csc—cotl

"~ secO+tand csch—coth

_ csc? @—cot” 6

B (secO+tanB)(cscO—cot )
1

(secO+tanB)(cscH—cot )

11.

1 secd—tan @

_ secd—tan @
(5602 6 — tan’ 0) (csc@—cotd)

__secf—tan @
cscl—cotl

12. sinftanf+cosf@ =sinf- sin 0
cos@

_sin? @ + cos” @
cosd cos@
_sin” @+cos” @
cos @
1
cos@
=sect

sin@ cos@
cos@ sind

13. tan@+cotl =

sin® @ cos’ 6

- (secO+tanB)(cscO—cot ) “secO—tan @

+cosé@

sin@cos@ sinfcosf

sin? @+ cos” 6
sin & cos @

1
sin@cos @

2
2sin@cos @
2
~sin(26)
=2csc(20)

Copyright © 2013 Pearson Education, Inc.
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sin(a +

14. M

tan o + tan

_ sinacos B+cosasin
sin o s1n,B

cosa " cos B

sin ¢z cos f+cos arsin 3
sincos 4 cos asin
cosacos f cosacosf

sinzcos f+cosasin B
sin ¢z cos f+cosasin B
cosacos 3

sin &z cos f + cos asin

1 sin ez cos 3 + cos arsin B

=cosccos ff

15. sin(36)
=sin(6+26)

= sin @ cos(26)+cos Fsin(20)
=sin 6’(cos2 6 —sin> 6) +cos@-2sinfcos b

=sin Ocos’ @ —sin> @+ 2sin Hcos> &

=3sinHcos’ O —sin> O
=3sin (1 -sin" 6)—sin’ 6
=3sin@—3sin’ @ —sin’ @
=3sin@—4sin’ @

sin @ _cos¢9
tanf—cot@ cos® sinb

tan@+cotd sin@ cosé
+ —
cos@ sinf

16.

sin® @—cos’ @

sin’ @+ cos’ 6
sin & cos 8
sin? @ —cos’ 0
sin® @ +cos” 6

—cos(26)
1
= —(20052 6—1)

=1-2cos’ @

sin @ cos @

17. cos15°=cos(45°-30°)
=c0s45°co0s30°+ sin 45°sin 30°

18. tan75°=tan(45°+30°)
_ tan 45°+ tan 30°
1—tan45°tan 30°

1+

1-1-

3+\/§

3-8
_3+\/§.3+\/§

3-\3 3+43
_9+63+43
=55

3
:12+6J§
6
+3

. 13

19. = =
9 s1n[ cos” 5)
13
5

w|&

w‘&l

Let 8=cos™ —.Since 0<O< % (from the

range of cos™

x),

20.

Let @ =si 11—61 Then sin49=1—61 and @ liesin
. . y 6
quadrant I. Since sinf === e let y=6 and
r
r =11, and solve for x: 2 +6% =117
x* =85

x=+/85
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tanﬁzy——6 :_6@
NTRER
(6\/%)
85
tan(26 _ 2tan @ _ .
1-tan~ @ ~ 6\/5
85
12485
_ 85 _12V85 85
l—ﬁ 85 49
85
124/85
49

21. cos(sin1§+tanl %j
.12 a3
Let a =sin 3 and B =tan 5 Then

sina:% and tanﬂ:%,andboth o and S

lie in quadrant I. Since sina = A 2 , let

n 3
y,=2 and 7, =3. Solve for x,: x*+2> =3
x12+4=9
x12=5
5 =5
Thus, cosa=ﬁ=§.
n 3
. Y, 3
Since tanf=-2==,let x, =2 and y, =3.
x, 2

Solve for x,: 22 +3% = r22

4+9=r’
r22=13
. a Y 3
Thus, mnﬂ—z—ﬁ.
Therefore, cos(a+ ) =cosacos f—sinasin
V52 23
IERNERERNE]
2J5-6
313
2413(+/5-3)
S

22,

23.

24,

25.

26.

Chapter 7 Test

Let @=75°, f=15°.
Since sinacosﬂ:%[sin(a+ﬂ)+sin(a—ﬂ)] ,

. o N o . o
sin 75°cos15 —5[5111(90 ) +sin (60 )J

:l{Hﬁ}:l(ﬂﬁ):#

2 2 4

sin 75°+sin15°

Coin[ 75°H15%) o[ 7150
B 2 2

= 2sin(45°)cos(30°) = 2(%}(7) =

€05 65°¢0s20° +sin 65°sin 20°
= c0s(65°—20°) = cos (45°) :%
4sin? 0-3=0
4sin =3

. 3

==
sin )
NG

ing=+¥"
sSin )

On the interval [0, 275) , the sine function takes

onavalueofg when 9=% or 49=2?”.The

sine takes on a value of —73 when 6 = 47” and

Y4 . . |\m 27m 4Am Sw
H—T . The solution set is {E’T’T’T}
—3cos (Z_ 9) =tan @

2
—3sin@ =tan @
0= Sm9+35in¢9
cos@
0=sin@ L+3
cos@
sin@=0 or ! +3=0
cos@
cos¢9=—l
3

On the interval [0, 275) , the sine function takes on

a value of 0 when @=0 or @ = . The cosine
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217.

28.

29.

function takes on a value of —% in the second and
third quadrants when 6 = 7 —cos™' % and

6=7r+cos"1%.That is #=1.911 and 0 =~4.373.

The solution set is {0,1.911,7,4.373} .

cos” @+2sinfcos@—sin* =0
(cos2 6 —sin’ 6) +2sinfcosf =0
cos(26)+sin(26) =0
sin(260) = —cos(26)
tan (260) =-1
The tangent function takes on the value —1

. . 3r
when its argument is T+ krr . Thus, we need

RY/4
20="+k

7 V4

3 T
0="—+k=

8 2

6:%(3+4k)
On the interval [O, 27t) , the solution set is
for 2x lix 150)

88’8 8|
sin(6+1)=cos @
sin@cosl+cos@sinl =cosf

sin@cosl+cos@sinl _ cosé
cos@ cos @
tan@cosl+sinl=1

tan@cosl=1-sinl

Therefore, 6 = tan™" [1 —sinl
cosl

) =~ (0.285 or

O=rm+tan 1-sinl
cosl

j =3.427
The solution set is {0.285,3.427} .

4sin® @+7sin@ =2
4sin’ @+7sinf@-2=0
Let u =sin@ . Then,
4’ +Tu-2=0
(4u—1)(u+2)=0

du—-1=0 or u+2=0

du=1 u=-2
ol
4

Substituting back in terms of €, we have
sin6=% or sinfd=-2

The second equation has no solution since
—1<sin@ <1 for all values of 4.
Therefore, we only need to find values of &

between 0 and 27 such that sin @ =% . These
will occur in the first and second quadrants.

Thus, 6 =sin™" % ~0.253 and

@=rx—sin" % ~2.889.
The solution set is {0.253,2.889} .

Chapter 7 Cumulative Review

1. 3x*+x-1=0

—b+b* —4ac

The solution set is
6 6

-1-413 —1+JE}
2. Line containing points (—2,5) and (4,-1):
o=y _ -1=5 -6
= = :—:—1
" x,—x 4-(-2) 6
Using y—y, =m(x—x,) with point (4,-1),
y—(-D)=-1(x-4)
y+l=—-1(x-4)
y+l=-x+4

y=—-x+3 or x+y=3
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Distance between points (—2,5) and (4,—1):
d=\(x,=x) +(y,—n)

= (4= () +(-1-5)

-6 (o) =2 =362 =62

Midpoint of segment with endpoints (—2,5) and
(4,-1):

[xl +x2’yl+yzj=[—2+4,5+(_1)]=(1,2)

2 2 2 2

3x+y* =9
x-intercept: 3x+0°=9; (3,0)

3x=9

x=3
y-intercepts: 3(0)+y2 =9 ; (0,-3), (0,3)
y'=9
y=213

Tests for symmetry:
x-axis: Replace y with —y: 3)c+(—y)2 =9
3x+y* =9

Since we obtain the original equation, the graph
is symmetric with respect to the x-axis.

y-axis: Replace x with —x: 3(-x)+y> =9
-3x+y* =9

Since we do not obtain the original equation, the
graph is not symmetric with respect to the y-axis.

Origin: Replace x with —x and y with —y:
3(=x)+(=y)" =9
-3x+y°=9

Since we do not obtain the original equation, the
graph is not symmetric with respect to the origin.

y= |x - 3| +2
Using the graph of y =| X | , shift horizontally to

757

Chapter 7 Cumulative Review

the right 3 units and vertically up 2 units.

y=3e" -2
Using the graph of y =¢", stretch vertically by a

factor of 3, and shift down 2 units.

A

=

‘_4;2:___:_ _éi

I
N
I

y =cos(x—£j—1
2

Using the graph of y = cos x , horizontally shift

to the right % units, and vertically shift down 1

unit.
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|
=
[l

y

2 (12)
S A
(3] 2+

M F(x) =sin"1,

758
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d y=cosx,0<x<rx
Y c. sin(20) =2sinf@cosf = 2[—5)(—¥)
3+ ) 3
1 9
Y T
((?’ Y ’\[2.' 0] d. cos(20) =cos* @—sin* 8

-1 =3 X
-7 \‘<n—1> _[ 22 2_ 1y _8 1.7
| 3 3 9 9 9

1

Inverse function: y =cos™ x
y e. Since 7z’<¢9<32Tc Wehavethat%<§<%.
-lLme 51 1, .. . . (1
\ Thus, 56' lies in Quadrant IT and sin 549 >0.
(0. %)_\
4 o, 5 ¢ (Lo J
4 s1n(2
V4
e 3
\
N\
N
(0,1)¢ f. Since —9 lies in Quadrant II, cos[ 6)
-1 1
-0
cos(2

. sinf@= —%, << 3775 , s0 @ lies in Quadrant III.

a. In Quadrant III, cos@<0

/ 2 9. cos(tan™'2
cos@ =—1-sin’ @ =— 1_(_%) ( )
Let =tan"'2. Then tanf == =

X
__/1_1__\/5
9 9 —%S&SE.Letx=l and y=2.

— 0o

bl

2
=—¥ Solve for r: r* =x*+y’
| =12 422
. 2 _
b tn6=sm€= 3 r-=5
cosé 22 r =5
3 @ is in quadrant I.
:_1(_ 3 j:_l _V2 cos(tan ' 2) =cosg=E == L5 _V5
30 2v2) 242 4 r 5 55 5

759
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. 1
10. ==,
sino 3

a nla

a. Since 2 <a<rm,weknow that o lies in

Quadrant II and cos 0( <0.

coso =— 1 sin* &

-

- 3
3n e
b. n<pf <. we know that £ lies in

Quadrant IIT and sin £ <0.

sin B =—/1—-cos” B

d. cos(a+ f)=cosccos f—sinasin

(28]

_2V2, 202 _42
) 9 9

B

. 3n
e. Smceﬂ<ﬂ<2 we have that = <2 <>

2 2

B B

Thus, ) lies in Quadrant IT and sinE >0.

. ﬂ 1- cos,B

i

11, f(x)=2x —x* —4x’ +2x> +2x -1

a. f(x) has at most 5 real zeros.

<a<m; cosﬁ_—% n< f<—

Possible rational zeros:

p=tl; g=%1,+2 L=x1+

Using the Bounds on ZZros Theorem:

f(0)=2(¥ -0.5x* - 22"+ 2 +x-0.5)
=-05,a,=-2,a,=1, a, =1, a; =-0.5

Max {1,|-0.5|+|1]+|1]+|-2|+]-0.5]}

=Max {I,5} =5

1+Max {|-0.5].]1],| 1].]-2].]-0.5]}

=1+2=3
The smaller of the two numbers is 3. Thus,
every zero of f must lie between —3 and 3.

Use synthetic division with —1:
-2 -1 -4 2 2 -1
-2 3 1-3 1
2 -3 -1 3 -1 0

Since the remainder is 0, x—(—1)=x+1 is
a factor. The other factor is the quotient:
2x* =3x" —x* +3x-1.

Use synthetic division with 1 on the
quotient:

1)2 -3 -1 3 -1
2 -1-2 1
2 -1 =21 0

Since the remainder is O, x—1 is a factor.
The other factor is the quotient:

2x° —x* —2x+1.
Factoring:
253 —x?=2x+1=x" (2x—1)—1(2x—1)

= (2x-1)(x* 1)
=(2x—1)(x—1)(x+1)
Therefore,
£(x) = (2x=1)(x=1)" (x+1)°
=2[x—%j(x—l)2(x+l)2

The real zeros are —1 and 1 (both with

multiplicity 2) and % (multiplicity 1).
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x-intercepts: 1, %, -1

y-intercept: —1

The intercepts are (0,—1), (1,0), [%,0) )
and (—1,0)

fresembles the graph of y=2x" for large
[+

Let Y =2x" —x* —4x +2x* +2x—1
2

Je 1.
™M

-2
Four turning points exist. Use the
MAXIMUM and MINIMUM features to

locate local maxima at (—1,0), (0.69,0.10)
and local minima at (1,0), (-0.29,-1.33).

f. To graph by hand, we determine some additional
information about the intervals between the x-

intercepts:
Interval |(—eo,—1) |(=1,0.5)](0.5,1) |(Le°)
T 0 0.7 2
number
Value _
of f —45 -1 =0.1 27
L . Below Below | Above Above
ocation . . . .
Xx-axis x-axis | x-axis Xx-axis
Point (—2, —45) (O,—l) (0.7,0.1) (2, 27)

f is above the x-axis for (0.5,1) and
(1,0), and below the x-axis for (—eo,—1)
and (-1,0.5).

(1
2-

(—1,0)

Y4 (0.69,0.10
L ( )

0)

(1.0) 2
(0, 1)

M (—0.29, —1.33
2_

761
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f is increasing on (—eo,—1), (—0.29,0.69),
and (I,e0). f is decreasing on (—1,-0.29)
and (0.69,1) .

12. f(x)=2x>+3x+1; g(x)=x" +3x+2

fx)=0
232 +3x+1=0
2x+Dh(x+1) =0

x= —% or x=-1
The solution set is {—1,—%} .

f(x)=g(x)
2x7 +3x+1=x" +3x+2
x*-1=0
(x+D(x-1)=0
x=-1or x=1
The solution set is {-1,1} .

f(x)>0
232 +3x+1>0
Q2x+Dh(x+1)>0

f(x)=(2x+1)(x+1)

The zeros of f are x = —% and x =-1

Interval | (—oco,—1) [—1,—lj (_1’“’]
2 2
Test number -2 -0.75 0
Value of f 3 -0.125 1
Conclusion | Positive | Negative | Positive

The solution set is (—eo,—1) U [—%,Mj-
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d. f(x)2g(x)
2x% +3x+1>x* +3x+2
X =120
(x+D)(x-1)=0
p(x)=(x=1)(x+1)
The zeros of p are x=—landx=1.

Interval | (—eo,=1) | (=11) | (L)

Test number -2 0 2

Value of p 3 -1 3

Conclusion | Positive | Negative | Positive

The solution set is (—eo,—1] U [l,00).

Chapter 7 Projects

Project I — Internet Based Project

Project II

a.

b.

Amplitude = 0.00421 m

@ = 2.68 radians/sec

@ 2.68 . .
f= iy 0.4265 vibrations/sec

2 2w
1—7—m~009199m

If x=1, the resulting equation is
y =0.00421sin(68.3 —2.68¢) . To graph, let

Y, =0.00421sin(68.3—-2.68x) .
0.005

JAAA T,
VY

—0.005

Note: (kx—wt)+ (kx —wt + @) = 2kx— 2wt + ¢ and
(kx—at)—(kx—awt+9)=—¢ .

Y +y, =y, sin(kx—ax)+y, sin(kx — wt + @)
=y, [sin(kx — art) + sin(kx — @t + ¢)]

. {m (Mj (—_¢H
2 2

=2y, sin (Wj cos (%)

y, =0.0045, =25, 1=0.09, f=23
Let x=1:

2 @
A=0.09="+ =23=—

k ! 2
k= 2007 ~698 w=4.6r=14.45

9

v, =y, sin(kx—ax)
=0.0045sin(69.8-1—14.45¢)
=0.0045sin(69.8 —14.45¢)

v, =¥, sin(kx— at + ¢)
=0.00455in(69.8-1—14.45t +2.5)
=0.0045sin(72.3—14.45¢)

Y +y, =2y,sin [W] cos [gj

2-69.8-1-2-14.45¢+ 2.5)COS(2_é5j

=2-0.0045si
sm( 5

=0.009sin

[142.1—28.9;)005(1‘25)

=0.009sin(71.05-14.45t)cos(1.25)

. Let ¥, =0.0045sin(69.8-14.45x),

Y, =0.0045sin(72.3-14.45x) , and
Y, =0.009sin (71.05—-14.45x) cos(1.25) .

0.01
ol
Nty,
-0.4 K\ "/_\ f 0.4
I NI
Y2
-0.01

y, =0.0045, =04, 1=0.09, f=23
Let x=1:

21 1]
1=0.09=="+= =23=2

k f 2
k= 2007z —698 w=4.6r=14.45
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¥, =0.0045sin(69.8 —14.45¢1)

Y, =, sin(kx — at + @)
=0.0045sin(69.8-1-14.45¢t +0.4)
=0.0045sin(70.2-14.45¢)

»+y,=2y,sin (M;‘”WJ cos (%j

_ 2-0.0045sin(2'69'8'1_ 22'14'45’+0'4jcos(0—;j

=0.009sin [@j c0s(0.2)

=0.009sin (70 —14.45t)cos(0.2)

Let ¥ =0.00455in(69.8—14.45x),
Y, =0.00455in(70.2-14.45x) , and
Y, =0.009sin (70 —14.45x)cos(0.2) .

0.01 Y+,

N
%%‘ —— )2
-0.4 \E ?-p- 0.4

—-0.01

J- The phase shift causes the amplitude of y, +y,
to increase from 0.009 cos(1.25) = 0.003 to
0.009 cos(0.2) = 0.009 .

Project II1

y
h

a.

m 2n 3m 4m Sm X
—h

sinx sin(3x) sin(5x) N sin(7x)

b. Let Y =1+i(
b4

1 3 5 7
3
-3

Chapter 7 Projects

c. LetY _py A sinx sin(3x) - sin(17x)

o,

-3

_ ., 4(sinx  sin(3x) sin(37x)
d. LetYl_1+”[—1 + 3 +..+ 37 j

non

-3
e. The best one is the one with the most terms.

Project IV
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a. f(x)=sinx

(see table column 2)

x | fO)] g | Ax) | k(x) | m(x)
0 | 0 | 0954 |-0311]—-0.749] 6.085
% % 0791 |-0.703 | 2.437 | 4.011
% g 0.607 | —1.341| 1387 |-3.052
% g 0.256 | -0.978 | 0.588 | —1.243
% 1 |-0.256|-0.670 | -0.063 | 0.413
2?” % ~0.607 | -0.703 | 0.153 | 8.507
37” % ~0.791 | -0.623 | 2.380 | —6.822
5?” % —0954| 0 | 059 |-2.695
7 | 0 |—0954] 0311 |-0817] 1.536
7?” _% ~0.791 | —0.117 | =0.013 | —5.248
57” -g ~0.607 | 1.341 |-1.387| 3.052
4?” _g ~0.256| 0.978 | —0.588 | 1.243
3z
S| -1 | 0256 | 0.670 | 0.063 |-0.705
5?” ‘% 0.607 | 0.703 | -0.306
%” V21 0701 | 0623
z| 1
Hz 110054
6| 2
2 1

b. g(x)= M (see table column 3)

i+1 i

c. 1.2

05 "n n' 6.5

The shape looks like a sinusoidal graph.

-1.2
Einkeg .
g=zFsinbx+oi+d
2=, 9221229454
b=1.8E3FESZAZ
c=1.735283392
d=-.HBE32163 393

764

Rounding a, b, c, and d to the nearest tenth, we
have that y =sin(x+1.8).

Barring error due to rounding and
approximation, this looks like y =cosx

h(x) = g(xi+1):g(xi)

i+1 i

(see table column 4)

1.8

-1.8
The shape is sinusoidal. It looks like an upside-
down sine wave.

Rounding a, b, ¢, and d to the nearest tenth, we
have that y = 0.5sin(6.4x) .

h(&ﬂ)_h(%)

il N

k(x)=

(see table column 5)

This curve is losing its sinusoidal features,
although it still looks like one. It takes on the
features of an upside-down cosine curve

EinkEeg
g=zFsinibx+or+d
2=, 823159898
b=1. 185365234
c=. B2A8285595

=. JEZS58R3 3D

Rounding a, b, ¢, and d to the nearest tenth, we
have that y =0.8sin(1.1x)+0.3.

Note: The rounding error is getting greater and
greater.

k(x,0) =k (%)

X1 =X

m(x) = (see table column 6)

Copyright © 2013 Pearson Education, Inc.



5.5

12
-0.5 o
-10
The sinusoidal features are gone.
EinFEed
g=g#sintbxtci+d
a=2. 825894023
b=3. 1 38E92E35
c=-1.535453
d=.389135A8311

Rounding a, b, c, and d to the nearest tenth, we
have that y =2.1sin(5.1x—1.5)+0.6 .

. It would seem that the curves would be less

“involved”, but the rounding error has become
incredibly great that the points are nowhere near

accurate at this point in calculating the differences.

Copyright © 2013 Pearson Education, Inc.
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